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Abstract

In this paper, Huxley equation which is in the form of second-order
nonlinear partial differential equation is transformed to an ordinary dif-
ferential equation by using Lie symmetry analysis. The procedure of
transformation is based on reducing the number of independent vari-
ables in partial differential equation by one by using the infinitesimal
generator. After calculating invariants by solving the characteristic sys-
tem and designate one of the invariant as a function of the other, Huxley
equation can be written in the form of the ordinary differential equation.

Introduction

The real-life phenomena around us can be described by many fields such as
Physics, Chemistry, Biology and others. Since phenomena can be formed into
the nonlinear partial differential equations, the solutions of these problems will
be interested. Exact solutions for these problems are usually difficult to find,
however many analytical techniques are still used to construct these solutions
for the proper understanding in phenomena [6].

One of the mathematical disciplines which are used to find the exact so-
lutions of differential equations is Lie group theory. In sometimes, symmetry
analysis is another name for calling this method. This method can be used
to transform the partial differential equation into ordinary differential equa-
tion. Clarkson and Mansfield [7] had studied some of nonlinear heat equations.
Symmetry reductions of the partial differential equations and exact solutions
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can be found by using symmetry analysis. In many researches [5, 6, 7 and 10],
symmetry analysis are applied to the nonlinear equation. For example, the
Fitzhugh-Nagoma nerve conduction equation is one of special cases in gener-
alized nonlinear Burgers-Huxley equation which has been applied by the Lie
point symmetry generators [10].

In biology, the generalized nonlinear Burgers-Huxley equation is used to
describe the interaction between reaction mechanisms, convection effects and
diffusion transports. Two known cases of these evolution equations such as
Fitzhugh-Nagoma equation and Huxley equation are reduced from the gener-
alized nonlinear Burgers-Huxley equation [4]. Several methods have been de-
veloped to solve Burgers-Huxley equation; for example, Differential Transform
Method (DTM) [4], Homotopy Analysis Method (HAM) [1, 2], First Integral
Method [9], He’s Variational Iteration Method [3], He’s Homotopy Perturba-
tion Method [8], Symmetry Analysis [5, 6, 7, and 10], Tanh method [11] and
others.

In this work, Lie group theory is applied to transform the Huxley equation
so as to provide us an ordinary differential equation that may be easier to solve.
First of all, the infinitesimal generators are the tool for reducing the number
of independent variables in partial differential equation by one, so the equation
will have fewer independent variables. After that the characteristic system will
be used to calculate invariants and then we will designate one of the invariant
as a function of the other. Finally, Huxley equation can be transformed to the
ordinary differential equation by substituting the dependent variables.
Huxley equation

The nerve propagation in biology can be described by Huxley equation
which is one of special cases of the generalized nonlinear Burgers-Huxley equa-
tion [4].

ut − uxx = u2δ+1 + (1 + γ)uδ+1 − γu (1)

where 0 ≤ x ≤ 1, t ≥ 0 and constants γ �= 0, δ ≥ 2.

Lie group theory and the transformation In this section, we will apply
Lie symmetry analysis to Huxley equation.

First of all, an infinitesimal generator for Huxley equation is written in the
following form

V = ξ(x, t, u)
∂

∂x
+ η(x, t, u)

∂

∂t
+ φ(x, t, u)

∂

∂w
(2)

The coefficient functions ξ(x, t, u), η(x, t, u) and φ(x, t, u) will be determined
because this leading tool will be used for generating the symmetry group of
equation (1). Sine Huxley equation is the second order partial differential
equation, the second prolongation of the generator (2) will be determined



N. Sripana and W. Chatanin 197

pr(2)V = V + φx ∂

∂ux
+ φt ∂

∂ut
+ φxx ∂

∂uxx
+ φxt ∂

∂uxt
+ φtt ∂

∂utt
(3)

where
φx = Dx(φ − ξux − τut) + ξuxx + τuxt, (4)

φt = Dt(φ − ξux − τut) + ξuxt + τuxxt (5)

φxx = D2
x(φ − ξux − τut) + ξuxxx + τuxxt (6)

The total derivatives with respect to x, t will be used to determine the
coefficients of pr(2)V,, respectively.

Dx =
∂

∂x
+ux

∂

∂u
+uxx

∂

∂ux
+uxt

∂

∂ut
+uxxx

∂

∂uxx
+uxxt

∂

∂uxt
+uxtt

∂

∂utt
+· · · (7)

Dt =
∂

∂t
+ut

∂

∂u
+uxt

partial

∂ux
+utt

∂

∂ut
+uxxt

∂

∂uxx
+uxtt

∂

∂uxt
+uttt

∂

∂utt
+ · · ·

(8)

Dxx = Dx(Dx), Dxt = Dx(Dt), Dtt = Dt(Dt) (9)

The system for determining the coefficient functions ξ(x, t, u), η(x, t, u) and
φ(x, t, u) are calculated by the standard symmetry group, we have

ξ = k1 η = k2; φ = 0 (10)

Therefore, the infinitesimal generators admitted by Huxley equation have the
form

V = k1
∂

∂x
+ k2

∂

∂t
(11)

where k1 and k2 are arbitrary conatants.
The Lie algebra corresponding to Huxley equation is spanned by the second

linearly independent generators

V1 =
∂

∂x
, V2 =

∂

∂t
(12)

In this section, Huxley equation will be transformed to ordinary differential
equation by using the infinitesimal generators obtained in (9).
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The dependent variable u will be expressed as a function of invariant I1 = u
and another invariant for generator V is found from the characteristic system

dx

1
=

dt

1
(13)

By integrating (13), we get I2 = x− t.
Let ν = u, y = x − t and then the derivatives of u are calculated.

ut =
(dν

dy

)(dy

dt

)
= (ν ′)(−1) = −ν ′ (14)

ux =
(dν ′

dy

)(∂y

∂x

)
= (ν ′)(1) = ν ′ (15)

uxx =
(dν ′

dy

)(∂y

∂x

)
= (ν”)(1) = ν” (16)

After substituting theses derivatives into (1), Huxley equation is transformed
to an ordinary differential equation as follows.

ν” = ν2δ+1 − (1 + γ)νδ+1 + γν − ν ′. (17)

Concluding remarks

Lie symmetry analysis is applied to the Huxley equation for reducing the num-
ber of the independent variable. After reducing the number of the independent
variable by one by using the infinitesimal generators, the second-order nonlin-
ear partial differential equation can be transformed to an ordinary differential
equation.
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