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Abstract

In this study, the problem of prediction of a given time series has
been investigated. The monthly experimental data sets of average sur-
face air temperature over Southeast Asia are analyzed using Educational
Global Climate Model (EdGCM). An attempt is being made to exam-
ine the performance of a forecasting model based on concept of error
growing rate measurement namely Lyapunov exponent (LE). Here, LE
and Supremum Lyapunov exponent (SLE) have been evaluated for aver-
age surface air temperature under climate change condition. From the
LE and SLE behavior, it showed a clear decrease in error growing rate
of average surface air temperature after 90-years forecast. This results
suggest general good performance for surface air temperature prediction
method.

1. Introduction

Educational Global Climate Model (EdGCM) is a climate modeling software
suite, created by Columbia University and based on Goddard Institute for
Space Studies General Circulation Model II, which is computationally efficient
enough for use on personal computers [1]. In order to evaluate the program for
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future use, a series of diagnostic tests of climate sensitivity are conducted to
examine the performance of EdGCM.

Although the climate model are able to predict over long time, it is difficult
to determine the predictability [2]. The predictability of climate forecasts is de-
termined by the projection of uncertainties in both initial conditions and model
formulation. Earth’s climate is a prototypical chaotic system [3], implying that
its evolution is sensitive to the specification of the initial state. Lyapunov ex-
ponent (LE) is one of the most widely used tool to determine this sensitivity in
a quantitative way [4] and has verified to be the most useful dynamical diag-
nostic for chaotic systems [3]. A new predictability measurement, Supremum
Lyapunov Exponent (SLE) which is based on the LE have been presented by
[5]. The SLE is applied to two cases of the Asian northeast monsoon forecast
under a global warming scenario by a shallow water model. The results show
that the forecasts from slightly difference initial conditions converge after 3-day
forecasts. That is, the shallow water model is not suitable for the purpose of
climate downscaling.

The aim of this paper is to estimate performance of the Educational Global
Climate Model (EdGCM) in terms of predictability. The impact of changing
in greenhouse gases such as atmospheric carbon dioxide and nitrous oxide con-
centration on average surface air temperatures are analyzed. LE and SLE are
chosen to analyze predictability of EdGCM for average surface air temperature
over South East Asia region.

2. Theory

2.1 Lyapunov Exponent (LE)

The notion of LE (λ ) is based on the average rate of exponential separation of
two infinitesimally close trajectories in the phase space. This method represents
a mean to measures the rate of convergence or divergence of nearby trajectories
[6]. Consider two points in a space (Fig. 1), X0 and X0 +d0, each of which will
generate a trajectory in that space using some equation or system of equations.
If one of the trajectory is used as a reference trajectory, then the separation
between the two trajectories will be a function of time.

The growth of the difference dt between the two trajectories over a time
period Δt = tt − t0 can be described by dt = d0e

λΔt where d0 is called an
initial distance. Thus LE is given by [8]

λ(t) =
1

Δt
ln

( dt

d0

)
. (1)
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Figure 1: The simple measuring chaos in the sense of LE [7]

For N segments of the nearby trajectories, the average of LE is given by

λ ≡ λ = lim
N→∞

N+1∑

j=0

λ(j). (2)

2.1 Supremum Lyapunov Exponent (SLE)

The supremum Lyapunov exponent (SLE) provides a measure of the average
rate of convergence or divergence of nearby trajectories divergence [5]. The
system with more positive exponent indicates sensitive dependence on the ini-
tial conditions that is chaotic dynamics and unpredictability. The definition of
SLE for predictability measurement is described as follows.

Assume that the evolution of the atmosphere is governed by a nonlinear
dynamical system of n-dimension continuous-time, defined by the differential
equation,

.
x(t) = F(x(t)) (3)

.
X(t) =

dX(t)
dt

(4)

where x(t) is the trajectories of the finite-dimensional state space R
n, x(t) ∈

R
n is the state space at time t, that is x = [x1x2x3 · · ·xn]T and F is an n-

dimensional vector field. Assume the vector field F generates the vector in
space x(t) = f(x, t), such that

dx(t)
dt

= F(f(x, t)) (5)



4 Performance of Forecasting Model for...

The solution of (5) under the initial condition x(0) = x0 is writen as

x(t) = f(X0, t) (6)

where f(x0(t) : R → R
n is the map which describes time evolution of all

phase points such that f(x0, 0) = x0. Let the set {f(x0 , t) : t ∈ N} be the
trajectory of the system through x0.

Consider an n-dimensional discrete-time smooth dynamical system of a non-
linear model solution that depends only on the initial conditions

f(x, t + Δt) = M [f(x0, t)], t ∈ N (7)

where f(x0 , t) ∈ R
n is the vector in a state space of the system at the time t,

Δt is the time interval, M is the time integration of the numerical scheme from
the initial condition f(x0 , t) to time evolution of the next state f(x, t + Δt).

Define the surface air temperature xi(t)) as the state space of the dynamical
system at time t at the point xi, i = 1, 2, 3, , N (N is the number of grid points
in the model domain). The Lyapunov exponent (LE) for (xi(t)) can be written
as

λ =
1

Δt
ln
||δ(xi(t + Δt))||

||δ(xi(t))|| , i = 1, 2, · · · , N (8)

Then the characteristic exponents of (xi(t)) are defined by

λinf = lim
Δt→∞

inf
1

Δt
ln
||δ(xi(t + Δt)||

||δ(xi(t))|| , i = 1, 2, · · ·N (9)

and
λsup = lim

Δt→∞
sup

1
Δt

ln
||δ(xi(t + Δt)||

||δ(xi(t))|| , i = 1, 2, · · ·N (10)

If in (9) and (10) the limits exist and

lim
Δt→∞

inf
1

Δt
ln
||δ(xi(t + Δt)||

||δ(xi(t))|| = lim
Δt→∞

sup
1

Δt
ln
||δ(xi(t + Δt)||

||δ(xi(t))|| i = 1, 2, · · ·N,

(11)
then the characteristic exponent of (xi(t)) exists and is defined by [5],

Λ = lim
Δt→∞

1
Δt

ln
||δ(xi(t + Δt))||

||δ(xi(t))|| , i = 1, 2, · · · , N (12)

Therefore, the characteristic exponential of xi(t)) is the rate of divergence or
convergence of two nearby trajectories. The supremum of (12) over all of
trajectories xi(t)) in the phase space is the point of interest. Define Z(x, t)
as the set of x ∈ Z for which the limit in (12) exists. Then the supremum
Lyapunov exponent (SLE) is defined as in [5],

Λsup = sup
x∈Z(x,t)

lim
Δt→∞

1
Δt

ln
||δ(xi(t + Δt))||

||δ(xi(t))|| , i = 1, 2, · · · , N (13)

If Z(x, t) is empty then we define Λsup = −∞.
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2.3 Educational Global Climate Model (EdGCM)

The EdGCM is a suite of software that allows users to run a fully functional
three dimensions global climate model (GCM) on laptops or desktop computers
(Macs and Windows PCs). The heart of a GCM is a model of the Earth’s
atmosphere which numerically solves five fundamental physical equations as
follow [2] The conservation of momentum,

∂
→
V

∂t
= −(

→
V · ∇)

→
V − 1

ρ
∇p −→

g − 2
→
Ω ×

→
V + ∇ · (km∇

→
V ) −

→
F d, (14)

The conservation of mass,

∂ρ

∂t
= −(

→
V · ∇)ρ− ρ(∇ ·

→
V ). (15)

The conservation of energy,

ρcp
∂T

∂t
= ρcp(

→
V · ∇)T −∇ ·

→
R + ∇ · (kτ∇T ) + C + S. (16)

The conservation of moisture,

∂q

∂t
= −(

→
V · ∇)q + ∇ · (kq∇q) + Sq + E. (17)

The ideal gas law,
p = ρRdT. (18)

where, V - wind velocity, R - radiation vector, C - conductive heating, p -
pressure, cp - heat capacity at const. p, E - evaporation, q - specific humidity,
Sq - phase-change source, Ω - rotation of the earth, k - diffusion, Fd - drag
force of the earth coefficients, and Rd - dry air gas constant.

EdGCM is a model of the Earth’s atmosphere which created for running
143-year predictions from the year 1958 to 2100 [2]. The EdGCM’s model grid
has 7,776 grid cells which is corresponding to 80 × 100 latitude by longitude in
horizontal column and containing 9 vertical layers in the atmosphere. The data
required for EdGCM are consisted of boundary conditions, initial conditions,
climate forcings, climate feedbacks and climate sensitivity. The climate forcings
which impact the results of the run more dramatically, such as greenhouse
gases are of interested due to capability to vary its values at the beginning of
experiment.

3. Computational details

3.1 Study Domain

The area of interest covers Southeast Asian region between latitude 40 S to 280

N and longitude 950 E to 1150 E as shown in Figure 2.
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Figure 2: The study domain.
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3.2 Experiment Case

The data in this study is the monthly surface air temperature over period of
91 years (1st January 2010 - 31st December 2100) obtained from EdGCM.
Summary of experiment designs are shown in Table 1 and 2. Only the data
of surface air temperature in April from 2010 to 2100 over Southeast Asia are
used for predictability measurement.

From Table 1, in the control run (CTRL) the default values of CO2 and
CH4 are used as the initial conditions and the model is run for 91-year forecasts
from the year 2010 to 2100. The perturbation runs in Table 2 are generated
by increasing the amount of CO2, CH4 and both of CO2 and CH4 to create
perturbed runs for Case1, Case2 and Case3 respectively.

4. RESULTS AND DISCUSSION

4.1 Difference in Surface Air Temperature forecasting

The EdGCM is run for 91-year forecasts. The differences of forecast surface air
temperatures between the control runs and the corresponding perturbed runs
are calculated for each grid point in the study domain. This is done to see
sensitivity of the model to perturbations in the initial conditions.

4.1.1 Case1 : 5% increasing of CO2

The difference of the forecast values of surface air temperature between CTRL
and Case1 for 91-year forecasts are shown in Figures 3a) - 3d).
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Figure 3 shows the absolute difference of forecast values of average surface
air temperature between CTRL and Case1. It is found that for 50-year forecast
the largest difference in average surface air temperature on the study domain
is about 4.40C. For 60-year, 70-year, 80-year and 90-year forecasts, the largest
absolute differences are about 3.0, 2.2, 3.2 and 1.2 0C, respectively. However,
the area with small difference (2 0C ¡ —difference—) in average surface air
temperature expands with forecast period. That is, the forecast average surface
air temperature from Case1 converges to that of CTRL after 90-year forecast.

4.1.2 Case2 : 5% Increasing of CH4

Similarly, Figure 4 shows that the difference of forecast values of average surface
air temperature between CTRL and Case2 decreases with forecast period. The
values of forecast average surface air temperature from Case2 converges to the
forecast from CTRL after 90-year forecast.

Figure 5 shows the difference of forecast values of average surface air tem-
perature between CTRL and Case3 decreases with forecast period. The values
of forecast average surface air temperature from Case3 converges to the forecast
from CTRL after 90-year forecast.

4.2 Predictability Measurement of EdGCM

The predictability of EdGCM in terms of surface air temperature can be found
from computation of LE and SLE for the perturbed runs compare with the
control run using Equations (1) and (13). Figure 6 shows the predictability
values from LE and SLE of EdGCM for Case1, Case2 and Case3 over study
domain.

In Figure 6, it can be seen that at any time, almost all values of LE and SLE
for all cases are positive and it decrease monotonously. Figure 6a) shows that
from 50-year to 90-year forecasts of all cases have been decreased dramatically.
The results also clearly show that LE value from 100-year forecast does not be-
gin to level off until approximately 140-year forecast It is quite possible that by
140-year forecast the LE value is reaching equilibrium rather than decreasing.
Similarly, Figure 6b) shows that from 50-year to 100-year forecasts of all cases
have been decreased dramatically. The results also clearly show that LE value
from 100-year forecast does not begin to level off until approximately 140-year
forecast. It is quite possible that by 140-year forecast the LE value is reaching
equilibrium rather than decreasing. Thus the predictability of EdGCM fore-
casting is about 100 years which means that it is a good model for climate
forecasting
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5. CONCLUSION

The monthly average surface air temperature prediction from EdGCM is exam-
ined with Lyapunov analysis approach. Lyapunov exponent (LE) and Supre-
mum Lyapunov exponent (SLE), as the analysis methods, are used for estimat-
ing the growth of small initial errors to determine predictability of EdGCM.
The results suggest good performance of EdGCM as it has at least 90 years
forecasting predictability. The cases of both 5% increase of CO2 and 5% in-
crease of CH4 shows the lowest predictability. To explore the predictability of
different regions by EdGCM is an interesting point to be studied in further
work.
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