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Abstract

Cycle-Power Graphs, C¢ is a graph that has n vertices and two
vertices u and v are adjacent if and only if distance between u and v
not greater than d. In this paper, we show that the determinant of
the adjacency matrix of cycle-power graph C2 are as follows

0 ;n=0,2,4,6,8 mod 10
det(A(CE)=¢ 8  ;n=1,3,7,9mod 10
128 ; n =5 mod 10.

and the condition for the adjacency matrix of cycle-power graph C¢ is
singular matrix.

1 Introduction

Let G be a simple graph with vertex set V(G) = {v1, v, ..., v,} and edge
set E(G). The adjacency matrix A(G) of G is the matrix [a;j]nxn Where
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1 ;if v; and v; are adjacent
A5 = .
0 ; otherwise.

The determinant of adjacency matrix of G is det(A(G) and k** eigenvalues
of the adjacency matrix is E(G;k) which are independent of the choice of
vertices in adjacency matrix and are an invariant of G, respectively.

In 1974 and In 1980, N. Biggs [3] and D.M. Cvetkovic et.al [5] have published
about determinant of adjacency matrix of some graphs, such as K, C,,, P,, and
W,,. In 2002, M. Doob [6] had found determinant of adjacency matrix of graph
G(r,t). In 2009, A. Abdollahi [1] had found determinant of adjacency matrix
of graphs. In 2011, B. Gyurov and J. Cloud [8] had found determinant of
adjacency matrix of Pin-wheel graph. In 2014, N. Adsawatithisakul and D.
Samana [2] had shown determinant of adjacency matrix of square cycle graph.
Furthermore, there are studies of graph about some properties of determinant
for example, S. Hu [10] and A. Abdollahi [1] have found that determinant of
graph with exactly one cycle and exactly two cycle, respectively.

Cycle-power, C% is a graph that has n vertices and distance each pair of
vertex is less or equal d . For example,
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Figure 1: some cycle-power graphs C¢

Moreover, there are studies about cycle power graph such as, In[4] and
[11] studied about the colouring in cycle power, Y.Hoa, C.Woo and P.Chen
[9] construct the sandpile group in cycle power , D.Li and M.Liu [12] consider
cycle power and their complements which satisfy Hadwiger’s conjecture.

In this article, we focus d = 4 of cycle-power graph which determinant of
cycle-power C2 can find by Proposition 1.1 and Theorem 1.2.

Proposition 1.1. [5] Suppose that [0, az, ..., a,) is the first row of the adjacency
matriz of a circulant graph G. Then the eigenvalues of graph G is denoted
E(G; k),

E(G;k) = Z a;z’ 1
j=1
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where z = e X5 Jk=1,2,...,n
Cycle-power graph C4 is a circulant graph then eigenvalues of C4 is
E(ChE)=z+22+ 28 42t 4 2n 4 4 273 4 o072 4 0l (1.1)
Determinant of a square matrix can be find by eigenvalue its as below.

Theorem 1.2. [7] Let A1, ..., A, be a eigenvalues of a square matriz A. Then

=1

Next, we present lemma that will be used in the proof of determinant of
adjacency matrix of cycle-power graph C4.

2 Main Results

In this section, we proof about lemma and main theorem as follows.

Lemma 2.1. Let n be an odd integer with n > 10 and n £ 5 mod 10. Then

n—1

k 2k 5k
H(cos T cos =2 cos —ﬂ) =g~ (1),
P n n

Proof. Tt can be proved by

—1 —1 . . .
= km 2%k Skr. pr sin 22T gin AT gip 10kx
H (COS —— Cos €os ) = H < km . 2kmw : S5km
n n n 2sin TE2sin =% 2sin 2%
k=1 k=1
1 Z Ll sin %—” sin 4’“—” sin =57 10]”
= n—1 "; . _ . _
8 Hk | sin (2k D s (4kn2)7r sin (10kn 5)m
T s 2k=Dw . (dk—=2)w . (10k—5)w
1 [1.2, sin === sin === sin *——
T Qn—1 n=1 _ . _ . _
8 I1,.2, sin (2kn1)7r sin (4kn2)7r sin (10kn 5)m
=g~ (=),
([
Lemma 2.2. Let q be a positive number. Then
2km dgtl 2km 5km
H( cos cos H (co cos cos )
10q+5 10g+5 10q+5 P sasa 10q+5 10g+5  10g+5
bat2 2km 8a+3 2km 5km
H(IO 510 501051_[(10 5% 10445 0915
k=4q+3 qa+ qa+ I+57 2 6q+4 q+ 7+ q+
10g+4
2k 5k
H (cor cos T cos ul ) =810¢
10 +5 10g+ 5 10g+ 5

k=8q+5
(2.1)
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Proof. The left hand side of (2.1) is

2 4q+1
g ke 2%kn 5kn at 2%kn Skn
H (cos cos cos H (co cos cos )
L 0455 ® T0g 15 10055 RS 10q+5 10g+5 ~10g+5
g2
bat km 2km 5km 8a+3 km 2km 5km
II (cos g geos g oosqo ) 1 (cosqg g cos g g eos 1 =0)
k=4q+3 a+ a+ qF 5 ) og4a a+ a+ a+
10g-+4
Oa+ 2km 5km
II (co 10q+5 8 10715 T0g 15
k=8q+5
2q : 2k : 4k ;o 10kw 4q+1 : 2k : 4k ;o _10kw
_ sin 10q+5 SN 79445 S0 o415 sin 10q+5 sin 10q+5 S 76,75
- : 2k 5k : km 5k
1 2sin 10 +5 2sin T0q+5 2 sin 0045 k—2g12 2sin 10 +5 2 sin 10 5 2 sin 0045
6q+2 sin 2km : 4km : 10km 8q+3 ; 2km : 4km : 10km
10q+5 SIN 75,15 S 19415 sin 10q+5 sin 10q+5 SN 76475
2k 5k : km 5km
k= 4q+3 2sin 10q+5 2sin 75,5280 15,45 k=6q+4 2510 10q+5 2sin 15,55 250 15,75
10q+4 sin 2k . 4k . 10km
10q+5 Sin 10q+5 S 75,75
km 5km
ke 8q+5 2sin 10 +5 2sin 10 5 2sin 0045
sin (2k—1)m sin (4k—2)7 sin (10k—5)m
he1 10415 10445 10415
810q q . (2k—D)w . (4k—2)w . (10k—5)w
[Ty=1 sin 5,5~ sin 55,5~ sin 535
[0 gin ZE=Qd)r G (h—Gat2)r o (10h—(10g+5)m
[T 5428 10915 T0g+5 T0g+5
[P o ZE=Corlir o @h—Garar o (0h—(0g+5)r
| | T0g+5 T0g+5 T0g+5
5q+2 (2k (4q+3))7‘r (4k (8q+6))m sin (10k—(20g+15))m
| | e 10415 10915 104+5
P72 o ZE=Ggzalz | Gh—Garonr o (02044157
| | e T0g+5 T0g+5 10g+5
7q+3 (2k—(6q9+3))7 . (4k—(12¢9+6))7 _. (10k—(30g+15))7w
1.2 6q-+4 S0 T0q+5 n 10q+5 sin 10q+5
rete (2k—(6q+3)) ™ (4k—(12¢16)) 7 . (10k—(30qL15))
1.2 6q-+4 S0 T0q+5 sin 10q+5 sin 10q+5
9q+4 (2k—(8q+5))7 . (4k—(16¢g+10))m (10k—(40q+25))7r
k 8q+ 5Sln T0q+5 Sin T0q+5 Sin 10q+5
9q+4 (2k (8q+5))w sin (4k—(169+10)) 7 sin (10k—(40g+25))m
[ Zsq 458 T0g+5 10915 109+5
_ 8—1Oq
O

Next, we use Lemma 2.1 and 2.2 to find determinant of adjacency matrix
of cycle-power graph C2.
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Theorem 2.3. Let C2 be a cycle-power graph with n vertices. Then

0 ;n=0,2,4,6,8mod 10
det(A(CH) =< 8 ;n=1,3,7,9mod 10
128 ; n =5 mod 10.

Proof. Let E(C;k) be a k' eigenvalue of adjacency matrix of cycle-power
graph CA. From (1.1), We get

E(C;l“ k) _ egkn_-,ri + e% + e% + e% + eQ’C(TL;4)ﬂ"L + eQ’C(TL;S)ﬂ"L + eQ’C(TL;Q)TI"L + er(n;l)ﬂ'i
2k Akmi 6kmi 8kmi 2knmwi —8kmi 2knmwi —6kmi 2knmwi —4kmi
—=e n 4+e n 4+e n 4+e n 4+e n e n +e n e n +e n e n
2knmwi —2kmi
+e n e n
By Euler’s formula, we obtain
2km 2km 4km 4km
E(C*; k) = (cos —— + isin —) + (cos —— + isin ——)
n n n n

6kt . . 6km 8knm . . 8km

+ (cos — +isin —) + (cos — +isin —)
n n n n

—8kw . . —8kmw —6knw . . —6km

+ (cos + isin ) + (cos + isin )
n

—4kw . —4kw —2kmw .. —2km

+ (cos +isin ——) + (cos —— +isin ——)
n n n n
2km 4km 6km 8km
=2c0s — +2cos — + 2cos — + 2cos —.
n n n
We can rewrite & ok 5k
T T T
E(C%; k) = 8(cos — cos —— cos —). (2.2)
n n n

From (2.2), we have

det(A(C)) = [ E(Ci k)
k=1
= 2
= H 8(cosk—7rcosﬂcos 5kﬂ—ﬁ) (2.3)
n n n

>
Il

1

Consider n as follows,
Case I, n = 0,2,4,6,8mod 10. Since 1 < k < n and consider (2.2) when
k= 5. Then
E(C2; E) = 8(cos T cosm cos 5—7T)
) 2 2

=0.
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From (2.3), we obtain

det(A(CH) = f[ E(C}
k=1

=0.

Therefore, det(A(C%)) = 0 when n = 0,2, 4,6,8mod 10.
Case II, n =1, 3,7,9mod 10. Since n is odd and n # 5 mod 10. Then

det(A(Cy) = [] E(Cpi k)
k=1
- 2
= H 8(cos km cos 2kn cos 5kﬂ—ﬂ)
n n n
k=1
2nm
= 8(cos " os 2 cos 5n—ﬂ ygn—t H cos —7T cos ﬂ cos 5k—ﬂ)
n n n n

Using Lemma 2.1, we have

L) 50

det(A

OOOOR‘

Therefore det(A(C:)) = 8 when n is odd and n # 5 mod 10.
Case III, n = 5 mod 10. Then n = 10g + 5, 3¢ € ZT.
From (2.3), we obtain

det(A(Cy)) = H

_ 01—[ 8(cos 2km o8 Skm )
o P 10q+5 10q+5 10g+5
2 1 2(2 1 5(2 1

:S(COS(Q+ )Jm 22+ D)7 5(2¢+ )ﬂ)
10g+ 5 10g +5 10g + 5
4 2 2(4 2 5(4 2

S(COS( q+2)m (dg+2)m ~ 5(4g+ )ﬂ)
10g+ 5 10g + 5 10g +5

2

8(cos (6g + 3)m (6g+3)m  5(6g+ 3)7r)
10g+ 5 10g + 5 10g + 5
4 2 4 4

8(cos (8¢ +4)m (8¢ +4)m 5(8q + )7'(')
10g+ 5 10g + 5 10g +5

8 (cos (10g+5)m  2(10g +5)r  5(10g + 5)77)
10g + 5 10g + 5 10g + 5



16

2q

The Determinant of The Adjacency Matrix of...

2km

S5km

km
810q
klzll(cos 0015 o

4q+1

*Tog+5 " °

2km

*10¢+5

)

S5km

k=2q+2
6q+2

2km

H (cos hm cos cos )
10g + 5 10g + 5 10g+ 5

S5km

k=4q+3
8q+3

H (cos hm cos cos
10g + 5 10g + 5 10g+ 5

2km

)

S5km

k=6q+4
10q+4

2km

H (cos hm cos cos )
10g + 5 10g + 5 10g+ 5

S5km

k=8q+5

= (=2)(=2)(=2)(-2)®)(8") [ ] (cos

4q+1

2q

k=1

2km

H (cos b cos cos )
10g + 5 10g + 5 10g+ 5

km

2km

S5km

10g+5 >10g+5 109+ 5

S5km

k=2q+2
6q+2

2km

H (cos b cos cos )
10g +5 10+ 5 10g+ 5

S5km

k=4q+3
8q+3

H (cos b cos cos
10g +5 10+ 5 10g+ 5

2km

)

S5km

k=6q+4
10q+4

2km

H (cos hm cos cos )
10g +5 10+ 5 10g+ 5

S5km

k=8q+5

Using Lemma 2.2, we have

H (cos b oS oS ).
10g +5 10+ 5 10g+ 5

)

det(A(Cy)) = (=2)(=2)(=2)(=2)(8)(8""")(87")
=128

Therefore det(A(C2)) = 128 when n = 5 mod 10. From case I, IT and III, then

0 ;n=0,2,4,6,8mod 10
det(A(CH) =1 8 ;n=1,3,7,9mod 10
128 ; n =5 mod 10.

O

Moreover, observe that det(A(C%)) = 0 where n = 2 + 2d and d are even,
we have Corollary 2.4.
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Corollary 2.4. If n = 2+ 2d and d is even then the adjacency matriz of
cycle-power graph C¢ is singular .

Proof. Let d be even. By proposition 1.1, we have

E(Cgak):Z‘FZQ‘F—|—Zd—|—zn_d_|__|_zn—2_|_zn—1

2k 4km 2kdm
=2cos— +2cos— + ...+ 2cos
n n
¢ 2jkm
= 2 —_—
Z cos = (5)
j=1
Since n =2+ 2d and 1 < k <n. Consider (5) when k = 5 . Then
2() L 2)dm
E(CY g) = 2cosi + 2cos (%) + ...+ 2cos (%)
n
=0.
Therefore the adjacency matrix of C¢ is singular matrix. O
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