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Abstract

The continuity of the quenching time is studied in this paper where we
have considered a heat equation with variable reaction which quenches
in a finite time. For this fact, we have estimated the quenching time and
have proved that it is continuous as a function of the nonlinear source.

1 Introduction

Consider the following initial-boundary value problem

u=Au—u"? in Qx(0,7),

ou
520 on 9JNx (0,7),
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2 The Quenching behavior of a nonlinear parabolic equation...

u(z,0) = ug(z) >0 in Q, (3)

where ¢ > 0, Q is a bounded domain in R with smooth boundary 09, A is
the Laplacian, v is the exterior normal unit vector on 9. The initial datum
ug € C?(Q) and ugp(z) > 0 in Q and there exists a positive constant B such
that

Aug(x) — (uo(z))™P < =B(up(x))™ in Q. (4)

Here (0,T) is the maximal time interval of existence of the solution u, and by
a solution, we mean the following.

Definition 1.1. A solution of (1)-(3) is a function u(z,t) continuous in Q x
[0,T), u(z,t) > 0in Q x [0,T), and twice continuously differentiable in x and
once in t in Q x (0,T).

The time T may be finite or infinite. When 7' is infinite, then we say that
the solution u exists globally. When T is finite, then the solution u develops a
quenching in a finite time, namely

tlLH% Umin () = 0,

where Umin (t) = min, g u(x,t). In this last case, we say that the solution u
quenches in a finite time and the time T is called the quenching time of the
solution u. Since the pioneering work of Kawarada in 1975 (see, [25]), the study
of the phenomenon of quenching for semilinear heat equations has attracted a
considerable attention (see, for example [2]-[4], [6]-[8], [11], [14], [22], [26], [28]-
[30], [37-40] and the references cited therein). A typical example is the work
in [7] where the problem (1)-(3) has been studied. Some authors have proved
the existence and uniqueness of solution (see, [7], [16], [27]). This paper is the
continuation of our work in [8] where we have considered the same problem.
We have estimated the quenching time and studied its continuity as a function
of the initial datum wg. This time, the continuity of the quenching time as a
function of the exponent of the nonlinear source is tackled. More precisely, we
consider the following initial-boundary value problem

ve=Av—vP® in Qx (0, Tn), (5)
o _ 0 on 09 x (0,Th), (6)
ov
v(x,0) = up(x) >0 in €, (7)

where p € C°(Q), inf, gp(z) =¢ >0, p(x) =g+ h(z)in Q, h(z) > 0in
Q. Here (0,73) is the maximal time interval on which the solution v of (5)-(7)
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exists. When T}, is finite, we say that the solution v of (5)-(7) quenches in
a finite time and the time T}, is called the quenching time of the solution v.
Consequently to the definition of the time T}, we have in this paper

v(z,t) >0 in Qx (0,T}).

If we set g(x,u) = v P*), then we observe that the function g is continuous
in both variables and locally Lipschitz in the second one. Let us notice that,
because the initial data of the different problems considered are sufficiently
regular, the solutions of these problems exist and are regular. In addition, we
note that the regularity of solutions is as important as the regularity of the
initial data, and the maximum principle holds (see, [16], [27], [35]). In the
present paper, we prove that if & is small enough, then the solution v of (5)-(7)
quenches in a finite time and its quenching time T}, goes to T as h goes to
zero where T is the quenching time of the solution u of (1)—(3). In addition
we provide an upper bound of [T}, — T'| in terms of ||h||oo. Similar results have
been obtained in [5], [9], [17]-[21], [23], [24], [31], [32] where the authors have
considered the phenomenon of blow-up (we say that a solution blows up in a
finite time if it reaches the value infinity in a finite time).

This paper is structured as follows. In the following section, we show that
under some assumptions, the solution v of (5)-(7) quenches in a finite time and
estimate its quenching time. In the third section, we deal with the continuity
of the quenching time and finally, in the last section, we give some numerical
results to illustrate our analysis.

2  Quenching time

In this section, using an idea of Friedman and McLeod in [17], we may prove
the following result on the quenching of the solution v of (5)-(7).

Theorem 2.1. Suppose that there exists a constant A € (0,1] such that the
initial datum at (7) satisfies

Aug(z) — (uo(x))_p(‘r) < —A(up(x))™? in Q. (8)

Then, the solution v of (5)-(7) quenches in a finite time T), which obeys the
following estimate

(uOmin ) a+l

P=TAg+ 1)

Proof. We know that (0,7},) is the maximal time interval of existence of
the solution v. Therefore, to prove our theorem, we have to show that T}, is
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finite and satisfies the above inequality. For this fact, we introduce J(x,t) a
function defined as follows

J(x,t) = v, t) + A(v(x, 1))~ 7 in Qx[0,T}).
A simple calculation yields
Ji—AJ = (v — Av), — ATty — AAvTY in Q x (0,Ty). (9)

It is not hard to see that Av=7 = ¢(g+1)v= 92| V|2 —qu™ "1 Av in Q x (0, T3),
which implies that Av=7 > —quv=% ! Av in Q x (0, T},). Applying this inequality
in (9), we find that

Jo—AJ < (v — Av), — Agu 9 (v — Av) in Qx (0,7,).  (10)
Use (5) and (10) to obtain
Jo—AJ < p(x)v_p(‘"”)_lvt + Aqv_q_p(r)_1 in Qx(0,Tp).
Due to the fact that ¢ < p(x) in Q, we discover that
Jy— AT < plx)o POy, + Av™Y) in Qx (0,T).
Making use of the expression of J, we derive the following inequality
Jy— AJ < p(x)oP@LJ in Qx (0,Th).

The boundary condition (5) allow us to write

oJ ov ov
i B q-177 _ T).
» ( V)t Aqu » 0 on 09 x (0,Ty)

According to (8), we have
J(2,0) = Aug(z) — (uo(x)) @ 4+ A(ug(x))"7<0 in Q.

One concludes by the maximum principle that J(x,t) <0 in Q x (0,7T}), that
is

ve(x,t) + A(v(z,t)) 7 <0 in Qx(0,Tp). (11)
This estimate may be rewritten as follows
vidv < —Adt in Qx (0,T}). (12)
Integrate the above inequality over (0,7},) to obtain

(v(@, 0) — (v(x, Tp)) "+

T, <
b= Alg+1)

for z € Q.
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Employing (11), we observe that v is nonincreasing with respect to the second
variable, which implies that 0 < v(z,T) < v(x,0) in Q. We deduce that

(v(x, 0)) "+

Ty < fi Q
h< A(q T 1) or x &€ i/,
which implies that
. )g+1
Th S (’U'Omln) )
A(g+1)

We observe that the quantity on the right hand side of the above inequality is
finite. Consequently, v quenches at the time T}, and the proof is finished. [J

Remark 2.1. Let ty € (0,Ty). Integrating the inequality (12) from to to T,
we get

(v(@, t0))* "

—ty < Q.
Th —to < Alg+ 1) for x €
We deduce that
(Vmin (tO))q+1
T —tg < —mMm—4——
PO T A+ )

Remark 2.2. In view of the condition (4) and reasoning as in the proof of
Theorem 2.1, it is not hard to see that there exists a positive constant C' such

that wmin(t) > C(T — )T for t € (0,T).

Before dealing with the continuity, we also need to show an upper bound
of umin(t) for t € (0,T). For this end, we state the theorem below.

Theorem 2.2. Let u be the solution of (1)-(3). Then, there exists a positive
constant B such that the following estimate holds
1
Unin(t) < D(T — )™+ for t€(0,7T), (13)
where py = max, g p(r).

Proof. Since we want to provide an upper bound of um,(t) for ¢t € (0,7T),
we begin our proof by setting

min t
w(t) = min (1) for te[0,T).
l[uolloo
Let t1, t2 € [0,T). Then there exist x1, 2 € Q such that w(t;) = 7‘(301”2) and
w(te) = m(ﬁl"t?). Use Taylor’s expansion to establish
t) — t 't
w(tg) —w(tl) > u(xQ, 2) U(m, 1) _ (t2 —tl)w +o(t2 —t1),
l[uwolloo lluo]loo
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’(1,(331, t2) — ’U,(Jil, tl)
l[uolloo

ue(x1, t1)
lluo| o

w(ts) —w(ty) < = (t2 — t1) +o(ta — t1),

which implies that w(t) is Lipschitz continuous. Moreover, if ty > t1, then

w(tz) —w(ty) > (2, ta)

> + o(1
—s Tl o
A —P(f@)
- Bulont) g (Menta)) T
Tunll o ol

Exploiting the maximum principle, we know that u(x,t) < ||ug|leo in Qx (0,T).
—p(x2) -p
This implies that — (“(m’m)) - (u(m’m)) 1t follows that

llwolloo llwolloo

w(ts) = w(ty)  Au(wa,ts) (u@m))_“ +o(1),

ta—t1 — uoll l[uolloo

where 3 = max{]||ug| 27*, |\u0|\§op+_1}. Letting t2 — t1, and using the fact
that Au(xa,t2) > 0, we obtain w’(t) > —B(w(t)) P+ for a.e. t € (0,7T). This
inequality can be rewritten as follows wP+dw > —pdt for a.e. t € (0,T).

S @)

Integrate the above inequality over (¢,7') to obtain 3(T —t) > = < for

t e (0,T). Since w(t) = mg—n(;), we arrive at

tamin () < [[10]loo (B(1 +p4)(T — )75 for ¢ € (0, 7).

1
This estimate ends the proof when we set ||uo|loo (3(1 4+ p4)) 7+ = D. O

3 Continuity of the quenching time

In this section, we shall present our main result which consists in proving an
upper bound of |7}, — T'| in terms of ||k||s by the following theorem.

Theorem 3.1. Suppose that the problem (1)-(3) has a solution u which quenches
at the time T. Then, under the assumption of Theorem 2.1, the solution v of

(5)-(7) quenches in a finite time T, and there exist positive constants «, b, u

and vy such that for h small enough, the following estimate holds

b -
|Th - T| <« (111(,u + W)) .

Proof. According to Theorem 2.1, the solution v quenches in a finite
time T}. In order to prove the above estimate, we proceed as follows. Let
T* = min{T, T}, } and introduce the error function e(z,t) defined as follows

e(z,t) = v(z,t) —u(x,t) in Qx[0,T%).
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Let tg € (0, 7). It is easy to establish by the mean value theorem that

er — Ae=p(2)0 @ e —In()v™*@h in Qx (0,t), (14)
e _ 0 on 99 x (0,t), (15)

v
e(,0)=0 in Q, (16)

where 6 lies between u and v, and s(x) between ¢ and p(z). Using the fact that
In(o) < o for o > 0, the equality (14) can be rewritten as follows

er — Ae < p(2)0P@ e 4 =*@=1h in Q% (0,t0).

A transformation gives

0 —p(z)—1
e~ Ac < mmmﬂxm*( ) e
ol

v —s(z)—1
+ Hu()H(:OS(r)_l (HuOH > h in X (OatO)

According to the maximum principle, it is easy to see that m < 1 and
m < 1in Q2x(0,tp). Due to the fact that the function x — A= (A € (0,1))
is nondecreasing for z € (0, c0), the following estimate holds

0

l[uolloo

—p+-1 v —p4+—1
€t — Ae S p+C() ( > |€| + CO (W) h in Qx (Oa tO)a (17)

where Cy = max{|ug|| 7971, ||u0||§op+_1}. Using Remarks 2.1 and 2.2, there
exist positive constants C' and C; such that for ¢ € (0, ¢g),
Umin (1) > C(T — )7 and  vmin(t) > C1 (T, — ) 7.

There exists a positive constant Cy such that min{C(T — t)#, Ci(Ty, —
1

t)#} = Cy(T — t)#. Then, we have 0(z,t) > Co(T — t)«+T in Q x (0, tp).

Applying these estimates in (17), we have

C Cuh .
er < Ae+ 31+p le] + = 5 in Q% (0,1),
(T —t)ar2 (T —t) e+t

—py—1 —py—1
where Cy = p:Co (1%=) ' and Cy = Co (;%=) . Consider the
following ODE
_GZ(t) | Cah

ZO=7 gt Ty

for te(0,t), Z(0)=0,
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where § = 1;:%’;“ . Tts solution Z(t) is given explicitly by
C c - C
Z(t) = Z20shem=1TD"" _ 2y for e [0,t),
Cg 03
—C3 16 . . . . .
where C5 = e3-1 . An application of the maximum principle gives

e(z,t) < Z(t) = %h (Coe™T=0"" 1) i @ [0,1).
3

Fix a a positive constant and let t; € (0,7%*) be a time such that ||e(-, t1)]]oo <
C —
g—thHoo (C5€5JJ(T_“)1 o 1) = g for h small enough. This implies that

s—1. 1 Csa =
T—ti= (2 In(— + =22 . 1
i (03 “(05+0405|h|oo)> (18)

On the other hand, by Remark 2.1 and the triangle inequality, we have

(Omin (t)) 7 (i (1) + [|eC, 1) [loo)
Alg+1) — A(g+1)

Using Theorem 2.2 and the fact that ||e(+, ¢1)]|o0 < a, we obtain

T}, —t1] <

1 q+1
(DT =)™ +a)
A(g+1)
We can find a positive constant Cg such that

|Th —t1] < (19)

1 1
D(T — t1) "+ +a = Cg(T — t1) P+
Applying the above equality in (18) we obtain that
g+1
Ty, — t1| < C7|T — tq |7+,

+1
G e We deduce from the above estimate and the triangle in-

where 07 = A_(g-i-_

equality that
g+1
|T —Th| <|T —t1| +|Th — t1| <|T — t1] + C7|T — t1| TP+
This implies that there exists a positive constant Cs such that
g+1
|T— Th| S Cg|T—t1|1+p+ .

Since h is small enough, we have In( C% + ﬁm) > 0. Using the equality
(18) and the fact that 1 — 6 < 0, we see that, there exist positive constants «,
b, p and ~y such that

b -
T —Th <« (hﬂ(lH- W)) :

This ends the proof. [J
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4 Numerical results

To compute the numerical results we need to consider the radial symmetric
solution of the following initial-boundary value problem

u=Au—uP® in Bx(0,T),

%:0 on S x(0,7),
ov

u(z,0) =uo(x) in B,

where p(z) = ¥(|z]), uo(2) = ¢(l2]), B = {z € RY; ||z < 1}, § = {z €
R¥:||z|| = 1}. Another form of the above problem is

N -1
Up = Upp + u—u ¥, re(0,1), te(0,7T), (20)
ur(0,t) =0, wuy(1,¢)=0, te(0,7), (21)
u(r,0) = ¢(r), re€][0,1], (22)

where, we take ¥(r) = 1 + 55 with ¢ € [0,1] and ¢(r) = 4 + 3cos(7r). In
order to compute the numerical solution, we need to construct an adaptive
scheme. For this fact, define the grid x; = ¢h, 0 < ¢ < I where [ is a positive
integer and h = 1/I. Approximate the solution u of (20)-(22) by the solution

U}(L") = (Ué"), ey UI("))T of the following explicit scheme

vt — g 20 - aug”

Aty n2 - (Ug"),

1

gy g™ g —au™ 1+ ) L= ™) —u™)
Aty B h2 ih 2h

U[(n—i—l) _ U[(n) B N2U§i)1 - 2U[(n)

At, e - (U,

U =i, 0<i<I,
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where 9; =1+ “iffl and ¢; = 4 + 3 cos(wih). For the time step we take
(1 — h?)h?

2077(n)  \py+1
S B ) Y

hmin

At,, = min{

with U™ = ming<;<; U™, This condition permits to the discrete solution
to reproduce the properties of the continuous one when the time ¢ approaches
the quenching time T, and ensures the positivity of the discrete solution. An
important fact concerning the phenomenon of quenching is that, if the solution
u quenches at the time T, then, when the time ¢ approaches the quenching time
T, the solution u decreases to zero rapidly. We also approximate the solution

u of (20)-(22) by the solution U}(L") of the implicit scheme below

U(gn+1) - U(gn) _ N2Ul(n+1) - 2U(§n+1) -

S e

Ui(nH) - Ui(n) _ Ui(:;rl) - 2U¢(n+1) + Uz‘(ﬁrl) + (N-1) Ui(:;rl) - Ui(ffl)

Aty h? ih 2h
_(Ui("))—ﬂii—lUi("‘i‘l), 1 S 1 S I- 1)

n n n+1 n+1
ot — o 2oty - aupt
Aty h?

_ (UI("))—ﬂJI—lUI("‘H),

U =y, 0<i<I

As in the case of the explicit scheme, here again, we have transformed our
scheme to an adaptive one by choosing At, = h2(U\"). y1+p+.

Let us again remark that for the above implicit scheme, the existence and
positivity of the discrete solution is also guaranteed using standard methods

(see for instance [6]). It is not hard to see that ug,(1,t) = lim,_,q @ and

Uz (0,1) = lim, g M Hence, if r = 0 and 7 = 1, we see that

ug(0,t) = Nupr(0,8) — u=P(0,¢), te (0,7),

ug(1,t) = Nupr(1,8) —u™P(1,¢), te (0,7).

These observations have been taken into account in the construction of our
schemes when ¢ = 0 and ¢« = I. We need the following definition.
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Definition 4.1. We say that the discrete solution U}(Ln) of the explicit scheme
or the implicit scheme quenches in a finite time if lim, U}(Lzzm =0 and the
series Yo o Aty converges. The quantity Y .., Aty is called the numerical

quenching time of the discrete solution U}(Ln).

In the following tables, in rows, we present the numerical quenching times,
the numbers of iterations, the CPU times and the orders of the approximations
corresponding to meshes of 16, 32, 64, 128. We take for the numerical quenching
time T" = Z;.Zol At; which is computed at the first time when

At,, = |T" —T™| <1071,

The order(s) of the method is computed from

_ log((Tun, — Ton)/(Ton — Th))
5= log(2)

eih _
T V=2

Numerical experiments for ¢; =1+
First case: ¢ =0

Table 1: Numerical quenching times, numbers of iterations, CPU times (sec-
onds) and orders of the approximations obtained with the explicit Euler

method
I tn n CPU time S
16 | 3.604286 | 5415 12 -
32 | 3.731558 | 21476 71 -
64 | 3.796654 | 84141 523 0.97
128 | 3.828011 | 335561 3782 1.04

Table 2: Numerical quenching times, numbers of iterations, CPU times (sec-
onds) and orders of the approximations obtained with the first implicit
Euler method

I tn n CPU time S
16 | 3.604107 | 5325 13 -
32 | 3.731511 | 21121 87 -
64 | 3.796641 | 84721 1106 0.97
128 | 3.830302 | 331834 7718 0.95

Second case: ¢ = 1/50
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Table 3: Numerical quenching times, numbers of iterations, CPU times (sec-
onds) and orders of the approximations obtained with the explicit Euler

method
I tn n CPU time S
16 | 3.617938 | 5921 3 -
32 | 3.746080 | 23518 15 -
64 | 3.811621 | 92338 152 0.97
128 | 3.844694 | 360217 3684 0.99

Table 4: Numerical quenching times, numbers of iterations, CPU times (sec-
onds) and orders of the approximations obtained with the first implicit
Euler method

I tn n CPU time S
16 | 3.617757 | 5921 5 -
32 | 3.746033 | 23518 26 -
64 | 3.811608 | 92338 310 0.97
128 | 3.844691 | 360217 8513 0.99

Third case: € = 1/1000

Table 5: Numerical quenching times, numbers of iterations, CPU times (sec-
onds) and orders of the approximations obtained with the explicit Euler

method
I tn n CPU time S
16 | 3.604966 | 5914 2 -
32 | 3.732282 | 23480 15 -
64 | 3.797401 | 92161 152 0.97
128 | 3.830262 | 359454 6284 0.99

Table 6: Numerical quenching times, numbers of iterations, CPU times (sec-
onds) and orders of the approximations obtained with the first implicit
Euler method

I tn n CPU time S
16 | 3.604787 | 5914 4 -
32 | 3.732235 | 23480 25 -
64 | 3.797389 | 92161 307 0.97
128 | 3.830260 | 359454 7247 0.99
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Remark 4.1. If we consider the problem (20)-(22) in the case where the expo-
nent of the nonlinear source ¥(r) = 1+ 13 with € = 0, and the initial datum
o(r) =4+ 3cos(nr), we see that the numerical quenching time of the discrete
solution for the explicit scheme or the implicit scheme is slightly equal to that
in which the exponent of the nonlinear source increases slightly, that is when €
is a small positive real (see, Tables 1-6 for an illustration). This result confirms

the theory established in the previous section.

Figure 1: Evolution of the discrete Figure 2: Evolution of the discrete
solution,f(U]g")) = (Ulg"))_i"7 I = 16, solution,f(U]g")) = (Ulg"))_i"7 I = 16,
€ =1/1000 (explicit scheme). € =1/1000 (implicit scheme).

Figure 3: Evolution of the discrete Figure 4: Evolution of the discrete
solution,f(U]g")) = (Ulg"))_l"7 I = 32 solution,f(U]g")) = (Ulg"))_i"7 I = 32
€ =1/1000 (explicit scheme). € =1/1000 (implicit scheme).
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Figure 5: Evolution of the discrete
solution,f(U]g")) = (Ulg"))_l"7 I = 16,
e = 1/50 (explicit scheme).

000

Figure 7: Evolution of the discrete
solution,f(U]g")) (Ulg"))_i"7 I = 32,
e = 1/50 (explicit scheme).

Figure 6: Evolution of the discrete
solution,f(U]g")) = (Ulg"))_l"7 I = 16,
e = 1/50 (implicit scheme).

000

Figure 8: Evolution of the discrete
solution,f(U]g")) (Ulg"))_i"7 I = 32,
€ = 1/50 (implicit scheme).
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