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Abstract

In this paper, we defined a new graph labelling and named it as closed
diwvisor graph. Let G = (V, E) be a finite undirected (nonempty) graph.
A graph G is said to be a closed divisor graph if there exists a vertex
labeling using a set S of positive integers, called a quotients of G, such
that two vertices are adjacent if and only if one vertex divides the other
and their quotient is in the set S. In this paper, we study the properties
of closed divisor graph and construct closed divisor labeling for several
basic simple graphs and special graphs. We also proved that the closed
divisor graph is a generalization of proper monograph.

1 Introduction

A graph labeling is an assignment of integers to the vertices, edges, or both
the vertices and edges, such that some conditions must be satisfied [2]. Over
the years, several graph labelings were discovered, studied and improved such
as proper monograph [5, 1] and divisor graph [6, 3, 4]. Some of graph labelings
came from existing graph labelings and some of them were newly discovered.
The study of graph labelings plays a vital role in the field of Graph theory for
its used in many applications like coding theory, crystallography, and commu-
nication networks.
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In this paper, all graphs are considered finite, simple and undirected. A
graph G may be written as G(V, E), where V and FE are sets of vertices and
edges of G. Let S be a finite non-empty set of positive integers. The divisor
graph G(S) of a finite subset S C Z is the graph G(V, E) where V = S and
wv € FE if and only if either u|v or v|u[3]. In this study, our goal is to define
a new graph labeling by adding one condition in the definition of the divisor
graph. This labeling will be called as the closed divisor graph. The closed
divisor graph G(S) of a finite subset S C Z is the graph G(V, E) where V = S
and uv € E if and only if either u[v and Z € S, or v|u and = € S.

It is important to note that if G is a closed divisor graph, then it is not
necessarily a divisor graph. For example, the cycle Cy,41 for n > 2 is not a
divisor graph as shown by [3]. However, in this study, we have proven that C,,,
for n > 3 is a closed divisor graph.

In this paper, we give a quotient construction for the simple graph such
as the path, cycle, and complete graph. We also consider some graphs such
as friendship graph, windmill, (m, n)—Tadpole, and (m, n)—lollipop. We have
proven that if G is a proper monograph, then G is a closed divisor graph while
the converse is not always true.

2 Special Families of Closed Divisor Graphs

This section contains the families of graphs that are closed divisor graphs. All
graphs used are simple and connected.

Definition 2.1. A path, denoted as P,,, with n vertices, is a graph with exactly
2 vertices of degree 1 and n — 2 vertex/vertices of degree 2.

Theorem 2.1. Fvery path P,, n > 2 is a closed divisor graph.

Proof. Let P, be a path with n > 2 vertices.
V(P,) ={vo,v1,v2,+ -+ ,0;},i=0,1,--- ,n—1
S = {Sl ?:_01.
Define a labeling ¢ : V(P,) — S, where

¢(v¢)=5¢=q2i,i=0,1,2,---,n—l,foranyﬁxequ2,qEZ.

By the labeling ¢, each s; and s;11 are connected since there exists a positive
integer e € S such that e-¢> = ¢2 ' ,e=¢2. But for any k > i+ 1, s; and s
are not connected since e - ¢2 = g%, e = ¢2)2" =D = 42" "= ¢ g Hence,
d(sg) = d(sp—1) = 1,d(s1) =d(s2) = --- = d(sp—2) = 2. O

Definition 2.2. A cycle, denoted as C,,, with n vertices, is a graph where each
vertex is of degree 2.



46 Closed Divisor Graphs and Its Labelings

Figure 1: A closed divisor labeling of a path graph Ps.

Theorem 2.2. Fvery cycle Cy, n > 3 is a closed divisor graph.

Proof. Let C), be a cycle with n > 3 vertices.
V(Cyp) =A{vo,v1,02, - ,v},i=0,1,--- ,n—1; S:={s; ?:_01.

Define a labeling ¢ : V(C,,) — S, where

¢(’U1) =g = {qu - ?f z =0,1,2,--- ,n— 2 for any fixed ¢ > 2, q is a positive integer;
q-q ifi=n-—1;
With the vertex labels defined above, by Theorem 2.1, s; and s;y1 are
connected for alli = 0,1, - -+ ,n—3. Moreover, d(sp),d(s,—2) > 1 and d(s;) > 2,
. 2'n.—2 B
for all ¢ = 1,2,--- ,n — 3. Now, since St _ 904 = ¢ * € S and
- S0 q
Sn—1 q-q .
= s = g € S then s,_1 is conneted to sg and s,_s. Hence,
Sn—2
d(s;) > 2, for all i = 0,1,---,n — 1. Next is to show that d(s;) = 2, for all
_ gn-2 ~ )
i=0,1,- ,n—1. Indeed, foralli = 1,2, ,n—3, L4 — p"*=2'+14 g
q
Also for {s; ?:_02, by Theorem 2.1, s; and s; are not connected if |k — j| > 1.
Thus, d(s;) = 2. Therefore, ¢ defines a labeling for a path. O

Definition 2.3. A fan, denoted as F},, with n vertices, is a graph with exactly
2 vertices of degree 2, n — 3 vertices of degree 3, and 1 vertex of degree n — 1.

Theorem 2.3. Fvery fan graph F,, n > 3 is a closed divisor graph.

Proof. Let F, be a fan with n =3 and S :={s; ?:_01.
But F3 = (5. So by Theorem 3.1.2, F3 is a closed divisor graph.
Now, let n >4 and V(F,,) = {vo,v1,v2, - ,0;},i=0,1,--- ,n—1.
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Figure 2: A closed divisor labeling of a cycle graph Cs.

Also, define a labeling ¢ : V(F,,) — S, where
1 ifi=0;

P(vi) = s = { o

q ifi=1,2,3,--- ,n— 1 for any fixed ¢ > 2, q a positive integer;

By the labeling ¢ defined above, it is clear that sp is connected to all s;
foralli = 1,2,--- ,n — 1. From the proof of Theorem, 2.1, s; and s;4; are
connected for all i =1,2,---,n—1 and sg,s; are not connected for |k — j| > 1.
Therefore, the labeling ¢ defines a fan. O

Figure 3: A closed divisor labeling of a fan graph Fj.



48 Closed Divisor Graphs and Its Labelings

Definition 2.4. A wheel graph, denoted as W,,, with n vertices, is a graph
with exactly one vertex of degree n — 1, and n — 1 vertices of degree 3.

Theorem 2.4. Fvery wheel graph W,,, n > 3 is a closed divisor graph.

Proof. Let W,, be a wheel graph with n = 3 vertices and S := {s;}7;'. But
W3 = F3. So by Theorem 3.1.3, W3 is a closed divisor graph.

Now, let n >4 and V(W,,) = {vg, v1,v2, -+ ,v;},i=0,1,--+-,n—1.

Also, define a labeling ¢ : V(W,,) — S, where

1 if i = 0;
¢(U1) =8; = q21_1 ifi=1,2,3,--- ,n — 2 for any fixed ¢ > 2, q a positive integer;
q~q2"_3 ifi=n—1

By the labeling ¢ defined above, it is clear that sy is connected to all
8$;0 = 1,2,--- . m— 1. Also, by Theorem 2.2, {si}?:_ll form a cycle. Thus,
d(sp) = n—1and d(s;) = 3,i = 1,2,---,n — 1. Therefore, the labeling ¢
defines a wheel. O

Figure 4: A closed divisor labeling of a wheel graph Wj.

Definition 2.5. A star, denoted as Sr,, with n vertices, is a graph with exactly
one vertex of degree n — 1, and n — 1 vertices of degree 1.

Theorem 2.5. Fvery star graph Sry, n > 3 is a closed divisor graph.

Proof.  Let S, be a star graph and S := {s;}/'_ ).
If n = 3, then Srs = Ps; hence, by Theorem 3.1.1, Srs is a closed divisor
graph.
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Now, let n >4 and V(Sr,) = {vo, v1,v2, -+ ,v;},i=0,1,--- ,n—1.
Define a labeling ¢ : V(Sr,,) — S, where

o00) = 51 = {1 if i = 0;

pi ifi=1,2,3,---,n—1 p;’s are the first *" prime numbers;

By the definition above, it clear that sq is connected to all s;,7 =1,2--- ,n—
1. Also, since s;,7 =1,2,--- ,n — 1 are prime and distinct, it follows that they
are all not connected. Hence, d(sg) =n—1, and d(s1) = d(s2) = d(s3) =--- =
d(sn_l) =1. O

Figure 5: A closed divisor labeling of a star graph Sy.

Definition 2.6. A complete graph, denoted as K,,, with n vertices, is a graph
where each vertex has a degree of n — 1.

Theorem 2.6. Fvery complete graph K,, n > 2 is a closed divisor graph.

Proof.  Let K,, be a complete graph with n = 2 vertices and S := {s;}]-;.
But Ky & Py; hence, by Theorem 3.1.1, K5 is a closed divisor graph.
Now, let n > 3 and V(K,,) = {v1,v2, -+ ,v},i=0,1,--+ ,n— 1.

Also, define a labeling ¢ : V(K,,) — S, where

d(v;) =s; =q',i=1,2,---,n for any fixed ¢ > 2, q is a positive integer;
Now, with the labeling ¢, each s and sy, 1 < k <[ < n—1 are connected since

l
4 _ ¢ =% € S. Therefore, d(sg) =d(s1) =d(s2) = =d(sp_1) =n—1. O

qk
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Figure 6: A closed divisor labeling of a complete graph K.

Definition 2.7. A complete bipartite graph, denoted as Ky, », is a graph with
two disjoint sets A and B where [V (A)| = m, and |V (B)| = n such that no two
vertices within the same set are adjacent. Also, each vertex of A is connected
to each vertex of B; that is, each vertex of A is of degree n and each vertex of
B is of degree m.

Theorem 2.7. Every complete bipartite graph K, 41.n,n > 2, is a closed divi-
sor graph.

Proof. Let K,,4+1,n be a complete bipartite graph with 2n+1 > 5 vertices,
n is a positive integer.
Let V(Kpi1.n) = {vo,v1,v2, - ,v;},i=0,1,---,2n and S := {s;}27,.
Define the labeling ¢ : V(K ,,) — S, where

g3 ifi=0,2,4,--,2n;
@30 ifi=1,3,5,--,2n— 1;

P(vi) = si = {

where ¢ is any fixed positive integer greater than or equal to 2.

143k
For a 75 b, sa,sp € {50,52,54, T ;SQn} are not connected since q1T3J =
U=k ¢ S. Similarly, for a # b, s, 5, € {51,53,55, - ,S2n_1} are not con-
243k
nected since q2+3j =M gg.
1 L3k
Let k be fixed. If k > [ then —— = g M3kl — 243011 ¢ G Algo if
2431 1
1 > k then = ¢"1t30=k) € §. Thus, each s,,z = 0,2, --,2n is connected

q1+3k
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to all sy,y = 1,3,---,2n — 1. Therefore, we have disjoint sets X,Y where
S(X) = {s0,52,84, -, 52, } and S(Y') = {s1, 53,85, , 5201}

Also, each s; is of degree n and each s, is of degree n + 1. O
2
2
z* :
25
2?

Figure 7: A closed divisor labeling of a complete bipartite graph K3 .

Theorem 2.8. Every complete bipartite graph Ky n,n > 2, is a closed divisor
graph.

Proof. Let K, be a complete bipartite graph with 2n > 4 vertices, n is
a positive integer.
Let V(K ) = {vo,v1,v2,- -+, v;},i=0,1,--- ,2n+ 1 and S := {s;} 774"
Define the labeling ¢ : V(K,, ;) — S, where

¢T3 ifi=0,2,4,--,2n;
@30 ifi=1,3,5,--,2n+1;

P(vi) = si = {

By the labeling ¢ and same proof as done on Theorem 2.7, we have disjoint
sets X, Y where S(X) = {so, 52, S4, "+, S2n} and S(Y) = {s1, 83,85, "+, Son+1}-
Also, each s, and s, are of degree n. O

Definition 2.8. A friendship graph, denoted as C§, with 2n + 1 vertices and
n-copies of C5 is a graph with exactly 2n vertices of degree 2 and 1 vertex of
degree 2n.

Theorem 2.9. Fvery friendship graph C5, n > 2 is a closed divisor graph.

Proof. Let C¥ be a friendship graph with n > 2. Let C} = {vg, v1,v2,- -+, v;},
i=0,1,---,2n and S := {s;}2",. We now define a labeling ¢ : V(C%) — S,
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where
1 if i = 0;
(b(vl) =8; = { pi ifi=1,3,5,---,2n — 1, p;’s are the first ¢/ prime numbers;
s2 , ifi=2,4,6,---,2n;

Fori=1,3,---,2n—1, by Theorem 2.2, it is clear that {1, p;, p7} forms a cycle.
Also, it is clear that these cycles are connected by only one vertex sg = 1 since

pi’s are prime. Hence, d(sg) =n —1 and d(s1) = d(s3) = -+ = d(sp—2) =
2= d(SQ) = d(54) == d(sn_l). |
2 2
5 3
1
52 &

Figure 8: A closed divisor labeling of a friendship graph C3.

Definition 2.9. A windmill graph, denoted as W™ with m(n—1)+1 vertices
is a graph formed by taking m-copies of a complete graph K,, with a vertex in
common.

Theorem 2.10. FEvery windmill graph W,S’”) is a closed divisor graph.

Corollary. Ifn = 3, then Wg(m) is isomorphic to the friendship graph C§* and
thus a closed divisor graph.

Proof. Consider n > 3 and m > 2.

Let G1,Gs, -+, Gy, be complete graphs with n vertices and
V(G1) = {vi1,v1,2,013 - ,V1,n}
V(G2) = {v2,1,v2,2,v2,3- -+ ,V2,n}
V(G3) ={v31,v32,033 - ,V3n}
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V(Gm) = {'Um,la Um,2,Um,3 " ;'Um,n}
be the vertex sets of G1, G2, G3- -+ , G, respectively.

Given the vertex sets above, we can say that V/( ,S"”) =UL, V(Gy)
where v11 = v21,= V31 = -+ = U1 = vg. Now let S := {s;; : ¢
1,2,-+-,n—1,7=1,2,--- ;m}U{1}. Then define the labeling ¢ : V/( ,§m>) —
S, where ¢(vg) =1 and ¢(vj;) = 55 = pl,i =1,2,--- ,n—1,j=1,2,--- ,m,
for any fixed p > 2, p,,,’s are distinct positive prime numbers.

From Theorem 2.6, it is clear that for a fix j, {pz-}?:_ll form a complete graph.
Also, since p’s are prime and ¢(vo) = 1 then all these complete graphs have
only one common vertex, which is at vy. ([

Figure 9: A closed divisor labeling of a windmill graph W&).

Definition 2.10. The (m, n)-tadpole graph, denoted as T(,, ), with m+n—1
vertices is the graph obtained by joining a cycle graph C,, and a path graph
P,, with a vertex in common.

Theorem 2.11. FEvery (m,n)-tadpole graph is a closed divisor graph.

Proof. Let C), be a cycle with m vertices, where m > 3.
P,, be a path with n vertices, m > 2.
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V(Cp) = {vo,v1,v2, -+ ,Um—1} be the vertex set of Cy, and,;
V(P,) = {=vm-1,u1,u2, -+ ,un—1} be the vertex set of P, and
S = {Sl ?;Om_Q.
Given the vertex sets above, we can say that V(T{(;,,n)) = V(Cm) UV (Pn).
Define the labeling ¢ : V(T(,, n)) — S, where, for any fixed ¢ > 2, q € Z,

2° :
q if 0,1,2,---.,m —2;
’U’L :51': m—
¢(vi) {q(q2 2) ifi=m —1;

2171,—2

d(ug) = sm14; = (q(@®" N, i=1,2,---,n—1

From Theorem 2.2, we know that {2 }m2 U {q_(2q2m_2)} forms a cycle.

Also, from Theorem 2.1, {(q(¢>" ))? "1 U{q(¢*" ")} forms a path. It is

clear that s,,—1 = q(q2m_2) is connecting these path and cycle. Next is to show
that it is the only common vertex connecting these path and cycle. Indeed,

m—2 i
(Q(QQ ))2 _ q(2m,—2+1)2.7_2i ¢ S |:|

since for j >0and ¢ =0,1,---,m — 3, 57
q
2% 2
217 22(17) 24(17) 28(17)
24
23 216

Figure 10: A closed divisor labeling of a tadpole graph T 4).

Definition 2.11. The (m,n)-lollipop graph, denoted as Ly, ), with m(n —
1) 41 vertices is a graph obtained by joining a complete graph K, and a path
graph P, with a common vertex.

Theorem 2.12. Every (m,n)-lollipop graph Ly, ) is a closed divisor graph.

Proof. Let K., be a complete graph with m vertices, where m > 3.
P, be a path graph with n vertices, n > 2.
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V(Knm) = {vo,v1,v2, -+ ,vm—_1} be the vertex set of K, and;
V(Pn) = {Vm—1,u1,u2, -+ ,un—1} be the vertex set of P,, and S :=
{si ?;Lom_Q-
Define the labeling ¢ : V(L n)) — S, where for any fixed ¢ > 2, q € Z,

(b(vi)zsl':{qi-i—l 1fz:0,1,2,,m_1’

(b(uj)zsm—l—&-j :qum,j:1,2-., ,Tl—l

From Theorem 2.6, we know that {g"t1y7! forms a complete graph. Also,
from Theorem 2.1, {(qQJm}?;O1 forms a path. It is clear that s,,—1 = ¢™) is
connecting these path and complete graph. Next is to show that it is the only

common vertex connecting these path and cycle. Indeed, since for j > 0 and
29m

i=1,--,m-1, L —@m2gg 0
q’L
b i 2
23 26 22(6) 24(6) 28(6)
24 2=

Figure 11: A closed divisor labeling of a lollipop graph L 4).

3 Proper Monographs as Closed Divisor Graphs

Let S ¢ Rt. A graph G is said to be a proper monograph if there exists
a labeling w : V(G) — S such that two distinct vertices vg, v; € V(G) are
adjacent if and only if | w(vk) — w(vy) | € S.

Theorem 3.1. If G is a proper monograph, then G is a closed divisor graph.

Proof. Let G be a proper monograph. So there exists a bijective map
¢ : V(G) — S,where v € V(G) — s € S, S is a set of positive integers
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such that two distinct vertices v;,vx € V(G) are connected if and only if
| s; — sk |€S.

Now, let CD = {¢*") : ¢ € Z,q > 2,v € V(G)}. Then consider the
mapping w : V(G) — CD where v € V(G) — ¢*®). Tt is clear that the
mapping w is bijective. So, let u,v € V(G) be connected vertices. Then | ¢p(u)—
#(v) |€ S and ¢(u), ¢(v) € S. Thus, by mapping w defined above, ¢?*), ¢®(*),
and ¢l¢W—¢) ¢ CD; that is, ¢*™ | ¢®*® or ¢¢®) | ¢*(). Therefore, the
theorem holds. O

Example: S(P,) = {1,2,4,....,2"} = CD(P,) = {¢", ¢, ¢*, ....¢*"}

S(Cp) ={1,2,4,....27" L 14271} = CD(C,) = {¢" . ¢4, ... ¥ gt
S(Kn)=1{1,2,3,....n} = CD(K,) ={¢',¢* ¢, ...,q"}

S(Kpn-1) ={s:1<s<3n-1,5s2 0(mod3)} = CD(Kpn-1) ={¢°:1<
s <3n—1,s5% 0(mod3)}

Remark Conversely, with same proof on theorem 3.1. A closed divisor graph
G with vertex labeling f : V(G) — CD, where f(v;) = ¢*,i = 1,2,3,...n, for
any fixed ¢ € ZT, is a proper monograph.
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