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Abstract

In this paper we have investigated a common fixed point for a pair and
a sequence of self mappings over a closed subset of Hilbert space satisfy-
ing certain contraction inequalities involving rational square expressions
as well as some positive powers of the terms. Finally these results are
generalized for taking positive integers powers of the self mappings over
the spaces which are generalizations of well-known results

Introduction

Essentially, fixed point theorems provide the conditions under which maps have
solutions. First the existence and unique fixed point was given by the mathe-
matician Banach in 1922, which was acclaimed as Banach contraction principle
which has an important role in the development of various results connected
with Fixed point Theory and Approximation Theory. Later this celebrated
principle has been generalized by many authors Nadler [9], Sehgal [11], Wong
[16], Jaggi [4, 5], Kannan [6], Fisher [2], Khare [7] etc. Also Ganguly and
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Bandyopadhya [3], Dass and Gupta [1], Koparde and Waghmode [8], Pandhare
[10], Smart, [14], Veerapandi and Anil Kumar [15], Seshagiri Rao etl. [12, 13]
have investigated the properties of fixed point mappings in complete metric
spaces and as well as in Hilbert spaces. Motivated by the above results, the
theorems which we found here are the analogous to the result of [1, 8, 10]
involving a pair of mappings and a sequence of self mappings defined over a
closed subset of a Hilbert space satisfying certain rational inequalities which
are expressions of squares terms or some positive powers of the terms . Further
these results are again extended for some positive integer powers of the self-
mappings in the contractive inequalities. In all cases a unique common fixed
point for a pair or a sequence of self-mappings is observed.

Main Results

Theorem 1 Let T1 and Ty be two self-mappings of a closed subset X of a

Hilbert space satisfying the inequality

[z — Ty |” 1+ ]y —Trz %]
I+ [z —y |

| Tiz—Tay |*< @ +0 ly=Twz I +y 2~y |I?

for allz,y € X and x # vy, where «, 3,7 are non-negative reals with 4(a+ 3) +
v < 1. Then Ty and Ty have a unique common fixed point in X.

Proof. Let us start with an arbitrary point xy € X. We define a sequence

{zn} as
Tr1 = TJ?(), To = Txl, Tr3 = TJ?Q, s

In general,
Tont1 = D1xon, Topyo = ToTony1, forn=0,1,2,3---

Next, we show that the sequence {x,} is a Cauchy sequence in X. For this
we consider

| xont1 — x2n |2 =|| Thxan — Toxan—1 [|><

< a llz2n —Tomon 1 [1+/|lzan—1—Tiz2.]
= 1+[[z2n—22n—1(2

+0 || 22n—1— Tixon || +7 || 22n — 2201 ||

It follows that || 22,11 — 2on ||?< k || 220 — 22,1 ||* where k = %%%
A similar calculation indicates that

| Z2nt2 — Zon1 [P< p(n) || 22041 — 220 ||
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where p(n) = ((21()[——%2’2)—,:’—’1&21";1—_?2?]\H; , since 4(a + ) +v < 1. We see that k < 1
and p(n) < 1 for all n.

Suppose that P = max{p(n) : n = 1,2,---} and A\* = max{k, P}. Then,
0 < A < 1, as a result of which we get || zpy1 — T | A || n — 21 | -
Repeating the above process in a similar manner, we get

[ #npr =2 <A [ 21 =20 [, n > 1.

Taking n — oo, we obtain || 41 — 2, ||— 0. It follows that the sequence
{zy} is a Cauchy sequence. But X is a closed subset of Hilbert space and so
by the completeness of X, there is some p € X such that

Ty — L AsS N — 0.

Consequently, the sequences {zon11} = {Tix2,} and {zoni2 = {Tazani1}
converge to the same limit . We now show that u is a common fixed point of
both T} and T5. For this, in view of the hypothesis, note that

| = Tip P=| (& — z2nt2) + T2ns2 — Tip |2

—Tozoni1 ||?[1+||zonss —Tip|?
lp=Toman i1 P14+ |lTont1 =T p||"] + B || 2ans1 — Tup ||?

<l v = 22nt2 |* +a TH =201

7 | T2nt2 = Tup 1P +2 || 1 — 22042 || || 22042 — Tape ||

Letting n — oo, we obtain || p — Tip ||?< B || u — Tip ||?, since 0 < 8 < 1.
It follows that Ty p = p.
Similarly by making use of hypothesis we get Tou = p by considering the
following
[ o= Top |P=I (1 — 22n+1 + (2041 — Top) ||
Finally, in order to prove the uniqueness of i, suppose that p and v(p # v)
are fixed points of 77 and T,. Then from the inequality, we obtain

o= Tov | [l v = Tap |I?]
I+ [l p—v?

[u—v[*<a +O v =Tip|? +v | v—nl?
This inturn, implies that || p — v ||?< (a+B3+7) || v — p ||* . This gives a
contradiction; for « + 4 v < 1. Thus, 71 and T3 have a unique common fixed
point in X.

In the following theorem the numbers of terms are increased to two in the
inequality of the above theorem.

Theorem 2. Let X be a closed subset of a Hilbert space and T1,T» be two
mappings on X itself satisfying
[z —T3y > 1+ |y — 17z ||

TPz—Tiy [|*<
H 1% 2y||_0[ 1+||$—y|‘2

+0 | y=TF2 |I* + [l o=y |I*
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for allz,y € X and x # vy, where «, 3,7 are non-negative reals with 4(a+ 3) +
v < 1 and p,q are positive integers. Then Ty and To have a unique common
fized point in X .

Proof. From Theorem 1, T¥ and Ty have a unique common fixed point p € X,
that is TP pu = p and Tyop = p.

From TP(Typ) = Th(TPu) = Tip, it follows that Ty is a fixed point of
TP. But p is a unique fixed point of TP, we have Tipu = p. Similarly, we get
Top = p. Thus, p is a common fixed point of 77 and Tb.

For uniqueness, let v be another fixed point of 17 and 715, i.e., Tyv = Thr =
v. Then

p=Tgv||* 4|y —T7 ul|?]

lp—v|?=|| TV~ Tgv < ole=tidl Bl

10l v=T P +y | p—vI?*.

It would imply that || p — v ||?2< (a+B+7) || p— v ||* . Thus, p = v, since
a+ 0+ v < 1. Hence p is a unique common fixed point of 77 and T in X,
completing the proof of the theorem.

In the following theorem we have taken a sequence of mappings on a closed
subset of a Hilbert space which converges point-wise to a limit mapping and
show that if this limit mapping has a fixed point, then this fixed point is also
the limit of fixed points of the mappings of the sequence.

Theorem 3. Let X be a closed subset of a Hilbert space and let {T;} be a
sequence of mappings from X into itself converging point-wise to T satisfying
the following condition

[z - Tyl 1+ ]y - Tz |*
I+ z—yl?

| Tix = Tiy |?< +Bly=Tx |* +y 2~y |

forallx,y € X and x # y, where a, 3,7 are positive reals with 4(a+3)+~ < 1.
If each T; has a fized point p; and T has a fized point u, then the sequence {p;}
converges to L.

Proof. Since p; is a fixed point of T;, we have

= pn 12 =] T = Topan |
= (Tp— Topn) + (Top — Thupn) H2
<|Tw—Thu H2 + || Topt — Topin H2
+2 (| T —Tap || Tap — Topin || -
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This implies that

= Topin 1?14 | pn = Topr |%)
I+ [ = muy, |2

+6 H Hn — LIn it ||2 +7 H H = Hn H2 +2 H T,M_Tn,u H H Tn,u_Tn,un H

| o= pin I <|| Tpe = T ||* +ox

Letting n — oo, we get T — T, 2 || T — Tope || || Tt — Toptn ||— O,
and hence lim || p— pn ||?< (a+ B +7) lim || g — mu, ||? . It impplies that
n—oo n—oo
lim || g — pn ||= 0, since @+ 8+~ < 1. Thus, p, — p as n — oo, completing
n—oo
our proof. 0

By following the above proofs, a pair of self mappings 1 T and 2 T defined
over X have a common fixed point satisfying the below contraction equalities
with some positive powers of the terms

Corollary 1 The two self mappings Th and Ts defined over a closed subset X
of a Hilbert space satisfying the inequality

[z =Ty |" [+ [y — T |]

| iz—Toy ||"'< a
I+ z—y]|"

B ly=Tz|" +y | z—y [I"

forallxz,ye X, x £y andr € NU {% :n € N}, where «, 8,7 are non-negative
reals with 4(a+ )+~ < 1. Then Ty and Ty have a unique common fixed point
in X.

Corollary 2. Let Ty and T be two self mappings over a closed subset X of a

Hilbert space satisfying the contraction condition

o - T3y [I" [+ 1y — T ||
I+ z—yl"

| TPz—Ty "< o B y=TPz "+ [ z—y ||
forallxz,ye X, x £y andr € NU {% :n € N}, where «, 8,7 are non-negative
reals with 4(a+ B) +v < 1 and p, q are positive integers. Then Ty and Ty have
a unique common fixed point in X.

Corollary 3. Let X be a closed subset of a Hilbert space and let {T;} be a
sequence of mappings from X into itself converging pointwise to T satisfying
the following condition

e—Tyl|" 1+ |y =Tz |"]

Tix—T, "< «
|t E T

+O0ly—Tx||" +yz—y|"

forallx,ye X, x fj and r € NU {% :n € N}, where a, 3,7 are non-negative
reals with 4(a + B) +~ < 1. If each T; has a fixed point p; and T has a fized
point i, then the sequence {;} converges to p.
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By refining Theorem 1, including two rational square terms in the contrac-
tion conditions we have the following theorem which will give a common unique
fixed point in a closed subset of Hilbert space for two self mappings.

Theorem 4. Let X be a closed subset of a Hilbert space and let Ty and Ts
be two self mappings defined over it satisfying the following condition, then T}
and Ty have a unique common fixed point in X.

[z =Ty | 1+ ||y = Tha ||’]

| Tz = Toy ||> < @

4[|z —y |2
|y =Tz |* 1+ ]z - Ty | 5
+ +yllz—yll
4[|z —y |2

for allz,y € X and x # vy, where «, 3,7 are non-negative reals with 4(a+ 3) +
v <1

Proof. Let us construct a sequence{z,} for an arbitrary point zo € X as
follows

Tont1 = T1Tap, Tanto = Toxapir, forn=0,1,2,3,---
For examining the Cauchy sequence nature of {z,} in X, we consider

| Z2nt1 — an |* = Thwan — Tow2n—1 |12

| on — Towan—1 ||* [1+ || wan—1 — Thzon ||?]
14 || z2n — T2n—1 ||?

| xon—1— Txon |* [1+ || T2n — Tow2n—1 ||?]
14 || z2n — T2n—1 ||

+7 |l Z2n — T2n—1 II?

+

which implies that

| Z2nt1 — Ton |*< p(n) || 22 — T2n—1 |%,

where
(2847) +7 || 20 — z2n-1 |12

p(n) = (1 _ 26)4— H Ton — T2pn—1 H2

Similarly, we get

| Z2nt2 — Tont1 [°< q(n) || 22041 — z2n ||%,

where
Q( ) _ (20[4—’)/) + H T2n+1 — T2n H2
(1 =2a)+ || 22041 — T20 [|?
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Since 4(a+8)+v < 1, p(n) < 1 and g(n) < 1 for all n, put A2 = max{P, Q}
where P = max{p(n) : n € N}, @ = max{qg(n) : n € N}. Then 0 < A < 1 and

|| Tpn+l — Tn HSH Tp — Tn—1

Continuing the above process, we get || zp11—p |[< A" || 21 —20 ||, n > 1.
Taking n — oo, we obtain || @11 — =, ||— 0. It follows that {x,} is a Cauchy
sequence in X and so it has a limit p in X.

Since the sequences {x2n11} = {T122, and {zap42} = {Tox2n+1} are sub-
sequences of {z,}, they have the same limit p. Next, we show that p a is a
common fixed point of 77 and T5. For this, using the inequality, we arrive at

| w=Top |? =Il (4 — 22ns2 + (T2ng2 — Top |2
| = Towonia I* [14 || 22041 — Tape |7]
I+ || o — 2241 |2
+5H Tont1 — Top |* [14 || p = Tizona |?]
I+ || o — zon41 |2
+y = zonsn 1242 (| p— zang2 || | 22042 — Tope |

<|| = xonye ||* o

Letting n — oo, we obtain || u— Ty ||?< B || w— T ||? . Since 0 < 8 < 1,
it follows immediately that T} = p. Similarly, by using the inequality, we get
Tou = p by considering the following

| = Top |I* =|| (4 — z2ns1) + (T2n g1 — Top |2
| @2n = Topz |* [1+ || o — Thwan ||’]
I+ || w2n — p |I?
| = Thwon ||* 14 || w20 — Top |I?
I+ || w2n — p ||
+ 9 L won —p [P 42 || = 221 || || 22041 — Top |

<|| = wons1 [|? +a

+

Next, we want to show that p is a unique fixed point of T7,75. Let us
suppose that v (u # v) is also a common fixed point of T} and T5. Then, in
view of hypothesis, we have

HM_VHQ < H M_TQV H2 [1+ H V_TQM HQ]
- I+ p—v|?
| v = Tap 1[I+ || p — Tov [|]? 2
+ 8 +yllv—pl*.
I+ p—v|?

It would imply that

fu=vIP<(@+B+7) lv—pnl?.
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This is a contradiction, since a+ 3+ < 1. It follows that y = v, and therefore
the common fixed point is unique.

Similarly we can obtain a unique common fixed point for self mappings
satisfying the following inequalities.

Corollary 4. Let X be a closed subset of a Hilbert space and Ty,T> be two
mappings from X to itself satisfying

[z - Ty |I” 1+ |y — T{'= ||?]

| TV — Ty ||” < a

4[|z —y |2

|y — TPz |I> [1+ || x — Ty ||?] 5

+ 6 +yllz—yll
4[|z —y |2

for all x,y € X and x # y, where «, 3,7y are non-negative real numbers with
4(a+ B) +v <1 and p, q are positive integres. Then Ty and Te have a unique
common fized point in X.

Corollary 5. Let X be a closed subset of a Hilbert space and {T;} be a sequence
of mappings from X into itself converging pointwise to T satisfying the following
condition

|2 =Ty |* 1+ [l y — Thz |*]

| Tz — Ty | < a

4+ z—y|?
|y — Tz |* 1+ || 2 — Ty ||?] 2
+0 +yllz—yl
I+ [z —y|?

forallx,y € X and x # y, where «, 3,7 are real numbers with 4(a+8)+~ < 1.
If each T; has a fized point p; and T has a fized point p, then the sequence {p;}
converges to L.

Again by taking the positive power of the terms in the contraction inequal-
ities we have the following corollaries admits a unique common fixed point.

Corollary 6. Let X be a closed subset of a Hilbert space and T1,T> be two
mappings from X itself satisfying

[z =Ty ||" 1+ [y — T ||"]

| iz —Toy ||" <«

I+ [z =yl
ly—Tz|" 1+ =—Toy|"
+6 Frlle—yl"
I+ [z =yl

forallz,ye X, x £y, andr € NU{% :n € N}, where a, 3, are non-negative
real numbers with 4(a + ) +~v < 1. Then Ty and Ty have a unique common
fixed point in X.



N. SESHAGIRI RAO AND K. KALYANI 65

Corollary 7. Let X be a closed subset of a Hilbert space and T1,T> be two
mappings from X to itself satisfying

o —Ty " 1+l y =T ||"]

[Tz - Ty " < @

T Te—y"

ly—TiPe| (14 |o—Tdy | .

+ 8 Iz =Ty Iy ey
T

forallxz,y e X, x £y andr € NU {% :n € N}, where «, 8,7 are non-negative
real numbers with 4(a+ 8) +v < 1 and p, q are positive integers. Then Ty and
Ty have a unique common fized point in X.

Corollary 8. Let X be a closed subset of a Hilbert space and let {T;} be a
sequence of mappings from X into itself converging pointwise to T satisfying
the following condition

[z =Ty |" 0+ y— Tz |"]

| Tiw =Ty ||" < «

4+ lz—y|
ly—Tiz|" 1+ z-Tiy|"]
+p +yllz—y|"
I+ z—y]|"

forallz,y e X, x £y and r € NU {% :n € N}, where a, 3, are positive real
numbers with 4(a+ 3)+~ < 1. If each T; has a fized point p; and T has a fized
point 1, then the sequence {p;} converges to p.

Conclusions

In this paper we have discussed about a unique common fixed point for a pair
and a sequence of self mappings over a closed subset of Hilbert space satisfying
certain rational inequalities involving square terms. Further the results are also
extended for taking some positive powers of the terms in contraction conditions
as well as positive integer powers of the self mappings on the space.
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