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Abstract

Let (Xnj,7 = 1,2,...,n5n = 1,2,...) be a row-wise triangular ar-
ray of independent identically distributed random variables. Let Ny, q €
(0,1) be a geometric random variable with probabilities P(Ny = k) =
q(1—¢)*=', k= 1,2,.... Moreover, suppose that N,,q € (0,1) is indepen-
dent of all Xy;,5 =1,2,...;n=1,2,.... Let Sy, = Xpn1 + Xpn2 +... +
Xnn, denote the geometric sum of independent identically distributed
random variables X,;,7 = 1,2,...;n=1,2,.... (by convention, So = 0).
The main purpose of this article is to establish the rate of convergence in
some Renyi-type limit theorems for geometric sums via Trotter-operator
method.

1 Introduction

Let (X,;,5 =1,2,...,n;n=1,2,...) be a row-wise triangular array of inde-
pendent identically distributed random variables with finite mean E(X,;) =
m and 0 < D(X,;) = 0% < +00,j = 1,2,...,n;n = 1,2,.... Let N, ~
Geo(q),q € (0,1) be a geometric random variable with probabilities P(N, =
k) =q(1—q)* 1,k =1,2,.... Moreover, suppose that the N, is independent of
all Xp;,7=1,2,...,mn=1,2,.... It it to be noticed that N, and all random
variables X,,;,7 =1,2,...,n;n=1,2,.... are defined on the same probability
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118 On the rate of convergence in limit theorems for geometric sums

space (2, A,IP). We will denote by Sy, the geometric sum
SN, = Xn1 + Xn2+ ...+ Xun,, So=0 by convention. (1)

Up to the present one of well-known limit theorems for geometric sums is
the Renyi’s limit theorem (see Theorem 8.1.5 page 246, [14]). By its statement,
let (X;,7=1,2,...) be a sequence of independent and identically distributed
random variables with common positive mean E(X;) =m < 00,5 =1,2,....
Then,

qX 4+ Xo+ ..+ Xn,) L 20 as g— 07, (2)

where Z(™ is an exponential distributed random variable with positive mean

E(Z(™) = m and symbol 4, is denoted by the convergence in distribution.

During the last several decades the limit theorems for geometric sums have
risen to become one of the most important problems having the deep applica-
tions to insurance risk theory, stochastic finance, queueing theory (see [2], [3],
[9], [14], [13], [8]). Moreover, it is well known that characteristic function have
been used in study of Renyi’s limit theorem as a power mathematical tool (see
for instance [16], [14]).

The goal of this paper is to establish the rates of convergence in some Renyi-
type limit theorems for geometric sums of row-wise triangular array indepen-
dent identically distributed random variables via Trotter-operator method. It
is worth pointing out that all proofs of theorems of this paper utilize Trotter’s
idea from Trotter [20] and the method used in this paper is the same as in works
of Renyi [16], Butzer, Hahn, and Westphal [4], [5] and [6], Rychlick and Szynal
[17] and [18], Cioczek and Szynal [7], Hung and Thanh [12]. Note that the effect
of Trotter-operator method also is powerful in cases of the limit theorems for
random sums of multidimensional random variables (in the multidimensional
case, the reader may refer to [15], [19], [5], [10]).

The rest of the paper is organized as follows. Some notations, definitions
and properties needed in this paper will be presented in Section 2. The Section
3 is devoted to the rates of convergence in some Renyi-type limit theorems for
geometric sums via Trotter-operator method.

2 Preliminaries

Throughout this paper, the symbols Cg(R) will denote the set of all bounded
uniformly continuous functions on R and

C5(R) :={f e Cp®R): f9) eCp(R),j=1,2,...,r},reN.

Note that Cg(R) = C%(R), by convention. The norm of function f € Cr(R)
is defined by || f|| = sup,cg [f(2)]-
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For the purpose of the present paper, we will recall definition of Trotter’s
operator (see [20], for the definition of Trotter operator).

Definition 2.1. (Trotter [20], 1959) Let X be a random variable. A linear
operator Tx : Cp(R) — Cp(R), is said to be Trotter operator and it is defined

by
Txf(t) == Ef(X +1t) = / flx +t)dFx(z), teR, feCpR), (3)
R
where Fx is the distribution function of X.

In the sequel, we shall use the following properties of Trotter operator Tx
in (3) (we refer the reader to [20], [16], [4], for more details).

1. The operator T is a linear positive ” contraction” operator, i.e.,

| T f 1<l 1,
for each f € Cp(R).
2. The operators T, and Tx, commute.

3. The equation Tx f(t) = Ty f(¢t) for f € Cp(R),t € R, provided that X
and Y are identically distributed random variables.

4. If Xy, Xo, ..., X, are independent random variables, then for f € C(R)
Txytotx,(f) =Tx, - . Tx, (f)-

5. Suppose that X7, Xo,..., X,, and Y7,Y5,...,Y, are independent random
variables (in each group) and they are independent. Then for each f €
Cp(R)

T+, () = Tty (DI < D 1Tx,(F) = T (F)I-
=1

Furthermore, for two independent random variables X and Y, for each
feCp®)and n=1,2,...

I Tx(f) =Ty (f) 1< n | Tx (f) = Ty (t) || -

6. Suppose that X7, X5, ..., X,, and Y1, Y5, ...,Y,,, are independent random
variables (in each group) and they are independent. Moreover, assume
that N1, Na, ..., Ny, ... are positive integer-valued random variables in-
dependent of all X; and Y;,j =1,2,.... Then, for each f € Cp(R)

1T+t X0, (1) =T v, (D <D PN = 1) Y 1| Tx, () =T (-
n=1 1=1
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7. If
Tim || T, () = Tx(f) = 0,9/ € C(R),r €N,

theaniXasn—M)o.

It is to be noticed that during the last several decades the operator method
has risen to become one of the important most tools available for studying with
certain types of large scale problems as limit theorems for independent random
variables. And Trotter (1959, [20]) was one of mathematicians who succeeded
in using the operator-method in order to get elementary proofs in central limit
theorem for sums of independent random variables. The Trotter’s idea have
been used in many areas of probability theory and related fields. For a deeper
discussion of Trotter- operator method we refer the reader to [20], [16], [4], [5],
[6], [17], [18], [7].

Before stating the main results we first need to recall the definition of the
modulus of continuity and Lipschitz classes.

Definition 2.2. ( /4], [5]) For any f € Cp(R), the modulus of continuity with
0 > 0, is defined by

w(f,0) = sup {[f(t+h) — f(t)],t € R}. (4)

|| <&

We shall need in the sequel some properties of the modulus of continuity
w(f,9) from (4).

1. The modulus of continuity w(f,d) is a monotone decreasing function of

§ with w(f,d) — 0 for § — 0F.

2. For t > 0, we have w(f, ) < (14 t)w(f,9).
The detailed proofs of the properties of the modulus of continuity can be found
in [4] and [5].
Definition 2.3. ( [4], [5]) A function f € Cp(R), is said to satisfy a Lipschitz
condition of order a,0 < o < 1, in symbols [ € Lip(«) if

w(f;8) = O(6%). (5)

It is obvious that f € Cp(R) implies f € Lip(1).
The proofs of some limit theorems in this article base upon the Taylor series
expansion for every function f € Cj(R)

23 ) o
fj! W, ) (rOm = r0w), (6)

T

fle+y) =)

=0

where | n—y |< .
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3 Main Results

In the remaining part of this paper, we will investigate some limit theorems
for geometric sums of a row-wise triangular array independent identically dis-
tributed random variables. The received results in this part confirmed that the
convergence rate in Renyi-type limit theorems for geometric sums (see [13] for
more details) could be established by Trotter-operator method, too. The fol-
lowing lemma states one of the most important properties of random geometric
sums.

Lemma 3.1. Let (X,;,7 =1,2,...,mn=1,2,...) be a row-wise triangular
array of independent, exponential distributed random variables with positive
parameter p. Moreover, let Ny, q € (0,1) be a geometric random variable with
parameter ¢, q € (0, 1), and independent of all X,;,7 =1,2,...,n;n=1,2,....
Then, forn =1,2,..., the geometric sum Sy, = Xp1 + Xpa+ ...+ Xpn, s a
exponential random variable with parameter pq.

Proof. By an argument analogous to the Theorem 2.3 ( [11], page 121), let us

denote by g(t) = % the generating function of N, and by ¢(t) = 5 L the

—q)t
characteristic function of X,,;, respectively. Then, the characteristic function

of random sum Sy, is defined by

pq
Y(t) = t)) = :
(1) = gle(t) = 1o
Thus, Sy, ~ Exp(pq). The proof is straight-forward. O
The following theorems will strongly confirm the simplicity of Trotter-
operator method in studies of Renyi-type limit theorem for row-wise triangular
array of independent identically distributed random variables.

Theorem 3.1. Let (X,;,j=1,2,...,n;n=1,2,...) be a row-wise triangular
array of non-negative independent identically distributed random variables with
mean 0 < E(X,;) =m,j = 1,2,...,n;n = 1,2,.... Let N, be a geometric
random variable with parameter q,q € (0,1). Then,

qSn, L zm s g0t (7)

where Sy, = Xp1 + Xp2 + ...+ Xpn,, for n=1,2,... and Zm) s q
exponential distributed random variable with positive mean E(Z(™)) = m. Note
that Sy = 0 by convention.

Proof. Let me), Zém), ... be a sequence of independent exponential distributed

1
m
Ny, q € (0,1) be a geometric distributed random variable with parameter q.

random variables with common mean m, i.e. ZJ(.m) ~ Exp(=). Moreover, let
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According to Lemma 3.1 we conclude that the geometric sum Z;V:ql ZJ(-m) is

belong to exponential law witch parameter m%z,’ ie. Z;V:ql ZJ(.m) ~ Exp( m%;) .
Thus, our proof starts with the observation that, for an exponential dis-

tributed random variable with positive parameter %, denoted by Z™, we have

Nq
m) d m
zm LgN"zm. (8)
j=1

Note that the random variable Z("™) is defined in (8) can also be called
a geometric infinitely divisible (GID) random variable (see [1], for definition
of GID). Based on properties of Trotter’s operator, the Theorem 3.1 will be
proved if
|| TQSqu - TZ(m/)f ||: 0(1)5 as q— O+a (9)
for f € CH(R). Using the inequalities concerning with Trotter’s operator, for
f e Cp(R),

| Tysn, £ = Taem f | <D P(Ny =n)n || Tyx,, f — T Il
n=1

1
< BN I Toxu f =T g 1= 2 M Taxon = Tgen £
(10)

Since f € C5(R), one has by the Taylor series expansion

flo+y) = fy) +af @) +alf @) — F W), (11)

where | n—y |< .
Then, applying the Trotter operator to function f € CK(R) in (11), this
yields

“+oo
Tox, f(4) = E(f(¢Xm + ) = / F(qz + y)dFx,, (z)
’ +oo +oo ’ ’
— ) +af ) / zdFy,,(z) +q / «[f (m) - f W)|dFx,, ()

’ +OO ’ ’
— fy) +amf () +q / o[ (m) — f @)|dFx,, (),

(12)
where |m1 —y |<q|z]|.
In the same way we get
Ty fly) =E (f (2™ + y))
(13)

’ +OO ’ ’
= F) +amf () +q / o[ (1) — F @))AF o (),

1
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where | e —y |[<q|z|.
Then, applying (12) with (13) we have

| Tyxan @) = T, pom (3) |
“+o0

+o0 , , , ,
<o alf @) -1 W)t [ ] 0= ) |y @

% !/ !/ +Oo !/ !/
SQ/Oxlf(m)—f(y)ldenl(x)ﬂLfJ/é e £ (m) - £ (v) | dFx.,, ()
% 1 1 q+oo 1 1
+Q/Oxlf(UQ)—f(y)lden1($)+Q/ | f ()~ f () | dFx,, (z)

s
q

: b ,
< ge / rdFy,,(z) + / £ F m) - f (v) | dFx,, (@)+

q
—+oo

+Qe/03 2dF" (z) + q/ | f ) —f ] AF o ()

s
q

+oo +oo
<mac+2q |1 | [ @) s macr2q) 1) [ sdF ).
(14)

Note that in order to estimate the integrals above we used fact that since
[ € CE(R), to each € > 0 there exists § > 0, such that if | £ —y |[< £ < §,

implies | f'(§) = f'(y) [<eand | f/(&) = f(y) |<2| [ ||, forall [{—y|> <.
We then infer that, for f € CL(R),

“+o0 “+o0
| Tutys £ = T, £ 1< 2ame+2q | £ | ( [ ware, @+ [ xdFwa)),

q

and it follows that , for f € CL(R),

1
| Tasw, f = Tzom || < p I Taxon f =T, 50m ||

“+o00 “+o0
<2me+2| f | (/6 zdFx,, (x) —|—/6 xdFZf’"’) (x)) .
q (16)

Hence, on account of finiteness of E(X,;),7 =1,2,...,m;n=1,2,... and
E(Z™), we obtain

| Tysn, f = Tzom [ l=0(1) as ¢ —07.

The proof is complete. U
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Theorem 3.2. Let (X,;,j=1,2,...,n;n=1,2,...) be a row-wise triangular
array of non-negative independent identically distributed random variables with
mean E(| Xp1 ") <4oo,n=1,2,...,k=1,2,...,r;r=1,2,.... Let Ny be a
geometric random variable with parameter q,q € (0,1). Moreover, assume that

k (m) * . _ R
Bl X |F=E 2™ [ k=1,2,... . rir=1,2,.... (17)
Then, for f € CL(R)
| Tysw, f = Tzom |I=0(¢""), as q—0%. (18)

Proof. Since f € C;(R) one has the Taylor series expansion up to r order. This
yields, by virtue of assumption (17) and based upon the properties of Trotter’
operator

ITysn = Tzem |
qr—l +oo " o(r)
< BNg) I Toxnf = Tyem f(@) <75 / [ £ 0) = W) dFx,, (2)
r—1 —+o0
+ L [T 1w - £0) |
qr—l

%xr )y .
JNEIEORFOIENE "
r—1 +oo

L [l 100 - 1) | Ry, @)

s

[T 1271500 = 1) dF g @)

_|_

+o0
7l /é |2 "1 fD ) = F(y) | dF yom (),

where ¢ > 0, such that | n —y |< ¢ | « |< 4. Since f € CE(R),Ve > 036 > 0,
such that | f7)(12) — f0)(y) [< eif @ < & and [ [T (n2) — [T (y) [< 2| fO) ||
if x> g. Then, from inequalities of (19) we deduce that

r—1

q
| Tysn, f—Tzom || <

(261 X [ +2¢B] 2 [ +21| 7 || Mxr (@)

+2 || f7 | Mzem (q))

r!

(20)

where
My, (q) = [ |2 |"dFx,,(z) — 0 and Mo (q) = [2 = |« |TdFZ§m> (z) —

0 as ¢ — 0 on account of finiteness of r-th absolute moments E| X,,; |" and
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E| X1 |". Then, it is follows that

I Tysn, [ —Tzom |=o (qr_l) as ¢— 0.
This completes the proof. ([
Theorem 3.3. Let (X,;,7=1,2,...,n;n=1,2,...) be a row-wise triangular
array of non-negative valued, independent and identically distributed random
variables with mean E(X,1) = m < 400 and finite variance 0 < D(Xp1) =
02 < 400,j=1,2,....,n:n=1,2,.... Moreover, let Ny, q €(0,1) be a geomet-

ric variable with parameter q,q € (0, 1), and suppose that N, is independent of
all Xpj,7=1,2,...,m;n=1,2,.... Then, for every f € C5(R),

/ 1
I Tusw, = T £ 12 2007 s0) (mo+ 0 402 (21)
In particular, suppose that f/ € Lip(a, M),0< a <1,0< M < +o0. Then

1
| Tasn, | = Tzem fl1<2 (m +50°+ m2> Mg®~. (22)

Proof. By an argument analogous to that used for the proof of Theorem 3.2,
with consideration of inequalities of Trotter operator

1
| Tasn, | = Tzom 1< EWNg) | Tyxty f = Tyom f = p I Tyxon f =Ty [ -

Applying the operator Tx,, to function f € CL(R), with the Taylor series
expansion, this yields

“+oo
Ty [(y) = / f(qz + 9)dFx,, (z)
, “+oo “+o0 , ,
— f(y) +af / ©dFy.,, (z) + g / o (ns) - f 0))dFx.., (z)
0 0

“+oo
— fy) +amf ) +q / o () — £ ()]dFx.., (),
(23)

where | 73 — y |< gx. Analogously, applying the operator T, zom to function
1
f € CL(R), with the Taylor series expansion, we have

q

“+o0
o0 F0) = ) +amf @)+ [ alf () = F @dFx, ). (20)
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where | n4 — y |< gx. Thus, combining both equations (23) and (24), using the
properties of modulus of continuity, we get

| Ty £8) = T,y £(0) |
+o0 , , +o0 , ,
<o alfm—f @ laP@ e[ ol 0 -7 6) |dFm @)
, “+o0 , “+o0
<alolrs) [ a4 DBy (@) +ulfi) [ o1+ )Py, @)

!/ 1
< 2qw(f ;q) (m+502+m2>.

(25)
We then have the desired estimation
1
| Tasn, [ —Trzem f 1| < p I Taxi f = Tyom [l
: (26)
<2w(f ;q) (m—|— 502 —|—m2> .
Finally, for f* € Lip(a), we have
1 2 2 (el
I ququ—TZm)fHS? m+§a +m*~ ) Mqg~.
This completes the proof. ([
Theorem 3.4. Let (X,;,7=1,2,...,n;n=1,2,...) be a row-wise triangular

array of non-negative valued, independent and identically distributed random
variables with finite r-th absolute moment E(| X,; |") < +00,j =1,2,...;7 >
1. Let Ny, q € (0,1) be a geometric variable with parameter ¢,q € (0,1), and
suppose that Ny is independent of all Xy;,7 =1,2,...,n;n=1,2,.... More-
over, assume that

E(| X ) =E( 2" ) r>1. (27)

Then, for every f € Cy *(R),
2qr—1

|| TQSqu_TZ(m’)f HS (7'— 1)|

w(f(r_l); q) (mr_l(r —Dl+m'r), (28)
where ZJ(-m) are independent exponential distributed random variables with com-

mon mean m, i.e. ZJ(-m) ~ Exp(%),j =1,2,...
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Proof. Our proof starts with the observation that
Nq
(m) 4 (m)
zm £q> " z;™.
j=1

and the Taylor series expansion for every f € O '(R)

(J)
fle+y) = Zf 7,_11)!967’ (f(’"_”(%)—f(y)),

where | n5 —y |<| 2 | . Then, on account of assumption (27) and based on the
properties of Trotter’s operator, we have

Hququ—szaf I< E(Ng) | Toxn £(y) = T, z0m () |l

- || Taxon f(y) =Ty gom f() |

r—1 +oo
q r— r— r—
< [T = 1) P, @)
r—1!Jo
¢ T e (r—1)
t oy [ e T = £0) | Py @)
r—1 +00 (29)
q r— r—
< et ) [ a0 e D @)
r ! 0
qr—l (r—1) “+oo 1
e ) [ e e D @)
2qr—1 (r—1) +o0 L +o0 L
< = 1)!w(f i q) (/0 x dFZY") (x) —|—/O x dFZY") (x))
2qr—1 (r—1) r—1 T
< (T_1)|w(f rq) (M r =D +m"rl).
Thus, this completes the proof. ([
Theorem 3.5. Let (X,;,j =1,2,....,m;n =1,2,...) be a row-wise triangu-

lar array of non-negative valued, mdependent and standard normal distributed
random variables. Let Ny, q € (0,1) be a geometric variable with parameter g,

€ (0,1), and suppose that Ny is independent of all Xy, =1,2,...,m;n =
1,2,.... Then, for every f € C%(R),

q " "
| Tyss, S = T f IS 20570 (1 4+ 240(f75q) (30)

where 3, = X5y + Xpo + ...+ X7y, and ZW ~ Exp(1).
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Proof. We first observe that, for a exponential distributed random variable Z*,
we have

Thus, based on properties of Trotter operator, we have

[ Tysz, J =Tz f | < E(Ng) || Tyxz, f —T,m [

1
= a || TquLlf_T

(32)
2z s

for every f € C%(R). Then, based on the Trotter operator, for every function
f € C%4(R) with the Taylor expansion, we have

“+o0
Tyxz, fly) = /0 flaz +y)dFx: (2)

+oo 2, +oo
—fw e [ wdb @+ L) [ ddr, @)
0 0 (33)

LS [ (- S W) e, @)

“+oo

2 (£ e) 1

"

=)+ + 5l W+ 5w | (1)) dFxs, ()

where | 76 —y |< ¢ | | . By an argument analogous to the previous one, we
get

“+oo
quil)f(y) = / f(qx + y)szil) (x)
) 400 (34)

2 (") = 1" 9)) dF 0 (@),

1

’ 1" q2 1"
=fy)+a +F (y) + 5>/ (y)/

0
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where | n7 —y |< ¢ | z | . Combining (33) with (34) yields
| Tyxz, f(y) — qupf(y) |
2 " q2 " +oo 2 "
TN IS0 [ el amirg, @

q2 " +oo "
LN [ e s @)
0

IN

i i +OO
F 1+ w5 q) / 22(1 4 2)dFy2 (2)

2 “+oo
A LA e A (TR DNE
< T (et o o+ st n 2 ).

(5
+oo _

where (k) = [[" e "2*"'dx,(k > 1), denotes the Gamma function with

some particular values such thatT'(3) = /&, T'(Z) = 13\/7. Then, using the
computations of the Gamma function, it follows that

1
I Tysz, [ =Tz [ < p [ Tosz, f=Tp0 |

<Tns (Hw( ”[“8(1?(7;)])

<o 150 (120" 9).

This completes the proof. ([l

Acknowledgements

This work is supported by the Vietnam’s National Foundation For Science and
Technology Development (NAFOSTED, Vietnam), grant 101.01-2010.02.

References

[1] Emad-Eldin A. A. Aly and Nadjib Bouzar, (2000), On geometric infinitely divisibility
and Stability, Ann. Inst. Statist. Math. Vol. 52, No.4, 790-799.

[2] S. Asmusen, (2010), Ruin Probabilities, World Scientific.

[3] S. Asmusen, (2003), Applied Probability and Queues, Springer.

[4] P. L. Butzer, L. Hahn, and U. Westphal, (1975), On the rate of approzimation in the
central limit theorem, Journal of Approximation Theory, vol. 13, pp. 327-340.

[5] P. L. Butzer and Hahn, (1978), General theorems on Rates of Convergence in Distribu-

tion of Random Variables I. General Limit Theorems, Journal of Multivariate Analysis,
vol. 8, pp. 181-201.



130 On the rate of convergence in limit theorems for geometric sums

[6] P. L. Butzer and L. Hahn, (1978), General Theorems on Rates of Convergence in Distri-
bution of random Variables. II. Applications to the Stable Limit Laws and Weak Laws
of Large Numbers, Journal of Multivariate Analysis 8, pp. 202-221

[7] R. Cioczek, D. Szynal, (1987), On the convergence rate in terms of the Trotter operator
in the central limit theorem without moment conditions, Bulletin of the Polish Academy
of Sciences Mathematics, Vol 35, No. 9-10, pp. 617-627.

[8] Grandell J., (2002), Risk Theory and Geometric Sums, Information Processes, Vol. 2, N.
2, 180-181.

[9] B. Gnedenko and Victor Yu. Korolev, (1996, ) Random Summations: Limit Theorems
and Applications, (CRC Press, New York.

[10] Tran Loc Hung, (2009), Estimations of the Trotter’s distance of two weighted random
sums of d-dimensional independent random wariables, International Mathematical Fo-
rum, (4), 22, pp. 1079-1089.

[11] Tran Loc Hung and Tran Thien Thanh, (2010), Some results on asymptotic behaviors of
random sums of independent identically distributed random variables, Commun. Korean
Math. Soc. 25, pp. 119-128.

[12] Tran Loc Hung and Tran Thien Thanh, (2013), On the rate of convergence in limit the-
orems for random sums via Trotter - distance, Journal of Inequalities and Applications.

[13] V. Kalashnikov, (1997), Geometric Sums: Bounds for Rare Events with Applications,
Kuwer Academic Publishers.

[14] V. M. Kruglov and V. Yu. Korolev, (1990), Limit Theorems for Random Sums, Mosc.
St. Univ. Publ., Moscow, (in Russian).

[15] Prakasa B. L. S. Rao, (1977), On the rate of approrimation in the multidimensional
central limit theorem, Liet. matem.rink, 17, pp. 187-194.

[16] A. Renyi, (1970), Probability theory, Akademiai Kiado, Budapest.

[17) Z. Rychlick and D. Szynal, (1975), Convergence rates in the central limit theorem for
sums of a random number of independent random variables, Probability Theory and its
applications, Vol. 20, N. 2, pp. 359-370.

[18] Z. Rychlick and D. Szynal, (1979), On the rate of convergence in the central limit
theorem, Probability Theory, Banach Center Publications, Volume 5, Warsaw, pp. 221-
229.

[19] V. Sakalauskas, (1977), On an estimate in the multidimensional limit theorems, Liet.
matem.rink, 17, pp. 195-201.

[20] H. F. Trotter, (1959), An elementary proof of the central limit theorem, Arch. Math
(Basel), 10, pp. 226-234.



