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Abstract

This paper introduces a Hilbert space formulation of trust propa-
gation and develops an optimization framework for estimating global
trust states in complex networks. Trust interactions are modeled using
a bounded linear operator defined on the Hilbert space of node trust
vectors. The global trust inference problem is formulated as a varia-
tional optimization problem whose solution represents the equilibrium
trust configuration of the network. The proposed framework guarantees
existence and uniqueness of optimal trust states under mild spectral con-
ditions. An efficient iterative algorithm is derived using gradient-based
optimization in Hilbert space. Preliminary experiments on simulated
networks demonstrate the stability and convergence of the proposed ap-
proach compared with classical propagation models.

Introduction

Trust modeling has become a central problem in complex networks such as so-
cial media platforms, e-commerce systems, and peer-to-peer infrastructures [8].
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Existing methods include EigenTrust [2], TrustRank [3], and PageRank-style
propagation [1]. Although effective, these approaches are often heuristic and
lack strong theoretical guarantees. Spectral graph theory provides powerful
tools for analyzing propagation processes in networks [6]. However, relatively
little work has explored trust propagation from a functional-analytic perspec-
tive.

More recent developments integrate machine learning techniques with net-
work structure. Graph neural networks (GNNs) and geometric deep learn-
ing methods enable the learning of node representations directly from graph
topology and attributes [10, 12]. Such approaches have significantly improved
predictive performance in tasks such as link prediction, recommendation, and
trust inference. However, many learning-based models emphasize empirical
performance rather than providing rigorous analytical foundations for trust
propagation dynamics.

From a theoretical perspective, the study of network processes can benefit
from tools in spectral graph theory and functional analysis. Spectral meth-
ods provide insights into diffusion processes and stability properties of network
operators [6, 7]. Hilbert space formulations, widely used in signal processing
and dynamical systems, allow global states of networked systems to be repre-
sented as vectors in an infinite- or finite-dimensional functional space where
operator-theoretic techniques can be applied [9]. Despite their potential, such
functional-analytic perspectives have rarely been explored in trust modeling.

In this paper, we propose a Hilbert space formulation of trust propagation
in complex networks. Let G = (V,€) denote a directed trust network with
node set V. We represent the global trust state as a vector in the Hilbert space
£2(V) and model trust propagation using a bounded linear operator derived
from the network adjacency structure. Within this setting, we formulate trust
estimation as the minimization of a variational energy functional that captures
the discrepancy between propagated and intrinsic trust signals. The proposed
framework provides a mathematically rigorous perspective on trust propagation
and allows the application of optimization methods in Hilbert spaces. Our main
contributions are summarized as follows:

e We introduce a Hilbert space representation of trust states for complex
networks.

o We define a trust propagation operator as a bounded linear operator
acting on £2(V).

o We formulate global trust inference as a variational optimization problem
in Hilbert space.

e We establish existence and uniqueness conditions for the optimal trust
state and analyze the convergence of the proposed iterative algorithm.
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The proposed operator-theoretic framework provides a foundation for future
research directions including manifold-based trust representation, tensor-based
multi-layer trust learning, and integration with geometric deep learning archi-
tectures.

2 Preliminaries

2.1 Network Representation

Definition 1. A complex trust network is represented by a weighted directed
graph
G=W,EW), (1)

where
o V={1,...,n} is the set of nodes,
o £ C VXV is the set of directed edges,
o W = (w;;) € R™™™ is the weighted adjacency matric.

An entry w;; > 0 represents the level of trust that node i assigns to node
j. If (4,5) ¢ € then w;; = 0. The matrix W therefore encodes the local trust
relationships within the network.

2.2 Hilbert Space Representation

Denote
H=/07*V)=R" (2)

the Hilbert space of real-valued functions defined on the node set V. A global
trust configuration is represented by a vector

x=(z1,...,2,) € H, (3)

where z; denotes the global trust score associated with node ¢. The Hilbert
space H is equipped with the inner product

(z,y) = inyia (4)

which induces the norm
2]l = V{z, x). (5)

This representation allows trust states to be analyzed using tools from func-
tional analysis and operator theory.
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2.3 Trust Propagation Operator

Trust propagation across the network is modeled by a linear operator induced
by the network structure.

Definition 2 (Trust Propagation Operator). Let A be a normalized adjacency
matriz associated with the graph G. The trust propagation operator

T:-H—H (6)

is defined by
Tz = Az, (7)

for any trust vector x € H.

Proposition 1. The trust propagation operator T is a bounded linear operator
on H.

Proof. Since the network contains a finite number of nodes, the adjacency
matrix A € R™*™ defines a linear operator on R™. All linear operators on finite-
dimensional normed spaces are bounded. Therefore there exists a constant
C > 0 such that

[Az|| < Cllz| (8)

for all x € H. Hence the operator T is bounded. O

3 Optimization of Trust Propagation in Hilbert
Space

Within the Hilbert space framework introduced in the previous section, the
estimation of the global trust vector can be formulated as an optimization
problem. The objective is to obtain a trust configuration that is consistent with
network propagation while preserving prior trust information. Such variational
formulations are commonly used in spectral graph learning and graph signal
processing [6, 7].

3.1 Energy Functional

To estimate the global trust configuration, we define a regularized energy func-
tional that balances trust consistency with the propagation operator and prox-
imity to an initial trust estimate. Let T : H — H denote the trust propagation
operator and let xg € H be an initial trust vector derived from prior infor-
mation or historical interactions. The following energy functional is defined as
follows:

1
J(@) = gllz = Tx[” + Alle — o, 9)
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where A > 0 is a regularization parameter. The first term enforces consistency
with the network propagation mechanism. Minimizing ||z — Tx||? encourages
the trust vector to approach a stable fixed point of the propagation operator.
The second term acts as a regularization component that restricts excessive
deviation from the prior trust vector zoy. The trust estimation problem can
therefore be expressed as the variational optimization problem

I;éijl{l J(x). (10)

3.2 Existence and Uniqueness

Proposition 2. The optimization problem

;Iéi}{l J(x) (11)

admits a unique minimaizer.

Proof. The functional J(z) is a quadratic functional defined on the Hilbert
space H. Since A > 0, the regularization term ||z — zo||* ensures that J(z) is
strictly convex. Furthermore, the functional is coercive, since

J(x) =00 as || — oo. (12)

In finite-dimensional Hilbert spaces, every continuous strictly convex and co-
ercive functional admits a unique minimizer; see, for example, standard results
in convex optimization and functional analysis [9]. Hence the optimization
problem possesses a unique optimal solution. O

3.3 Gradient-Based Optimization

To compute the optimal trust vector, we employ gradient-based optimization
in the Hilbert space H. Let I denote the identity operator on 7. The energy
functional can be rewritten as

J@ﬁZ%WI—ﬂﬂP+MM—wﬂ? (13)

Using standard calculus in Hilbert spaces [9], the gradient of J(x) can be de-
rived by differentiating the quadratic functional. This yields

V(@) = (I~ T)"(I - T + 2\(x — o), (14)

where (I — T)* denotes the adjoint operator of (I — T). The optimal trust
vector corresponds to the stationary point of the functional J(z). Therefore,
it satisfies the first-order optimality condition

VJ(z) =0, (15)
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which leads to the equation
(I -T)(I-T)x+2\x —x9) =0. (16)

This equation characterizes the optimal trust configuration that balances the
network propagation dynamics with the prior trust information.

3.4 Optimization Algorithm

The optimal trust vector can be approximated using an iterative gradient de-
scent scheme. Starting from the initial trust vector z(°) = z¢, the update rule
is defined as

k) = o) _ g g (), (17)

where 17 > 0 denotes the learning rate.

Algorithm 1 Optimization of Trust Propagation

Initialize 20 = x,

for k=0to K —1do
Compute propagated trust Tz (*)
Evaluate gradient

VJI(2®) = (T =T)* (I = T)z™ + 2x(z™® — 2)
Update trust vector
k1) — (k) _ nVJ(m(k))

end for

return optimized trust vector z(*)

This iterative scheme progressively minimizes the energy functional and
converges to the optimal trust configuration under appropriate step-size con-
ditions.

4 Experimental Illustration

To illustrate the proposed framework, we conduct experiments on simulated
trust networks. Synthetic networks were generated using the Barab&si—Albert
scale-free model, which captures heterogeneous connectivity patterns commonly
observed in social networks. Each network contains 200 nodes and approxi-
mately 800 directed edges. Initial trust values xy were randomly generated in
the interval [0,1]. The regularization parameter was set to A = 0.1 and the
gradient descent step size was 7 = 0.01. The optimization algorithm converges
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within 50-100 iterations for most simulated networks. The undirected scale-
free network is then converted into a directed graph to represent asymmetric
trust relationships. Let A € R"*"™ denote the adjacency matrix of the resulting
graph. Trust weights are assigned by sampling values from a uniform distribu-
tion on [0, 1] for each existing edge and subsequently normalizing the outgoing
weights of every node to obtain a row-stochastic matrix:

o U}ij
1] — )

where w;; denotes the sampled weight associated with edge (4, j).

The proposed Hilbert-space trust optimization method is compared with
several baseline propagation approaches, including classical iterative trust prop-
agation, PageRank [1], and EigenTrust [2]. Within the proposed framework,
the global trust vector is obtained by minimizing the energy functional

1

J(z) = S llv = Azl + Az = o], (19)

A (18)

which balances propagation consistency with regularization toward a prior trust
vector zg. The methods are evaluated using the following quantitative metrics:

e optimization energy J(x),

e spectral consistency ||z — Ax|/| x|,

e Laplacian smoothness z " Lz,

e variance and entropy of the trust scores.

Figure 1(a) illustrates the convergence behavior of the proposed optimiza-
tion procedure. The energy decreases rapidly during the early iterations and
stabilizes after approximately 40 iterations, indicating efficient convergence of
the gradient-based algorithm. Figure 1(b) presents the distribution of trust
scores obtained by different methods. The Hilbert-space optimization produces
a more heterogeneous distribution, whereas classical propagation approaches
tend to yield near-uniform scores due to the stochastic structure of the propaga-
tion operator. Figure 1(c) shows the relationship between trust scores and node
connectivity. A moderate correlation between node degree and inferred trust
is observed, suggesting that the optimization captures meaningful structural
information while avoiding trivial degree-based rankings. Figure 1(d) com-
pares smoothness and entropy across the different methods. The Hilbert-based
approach achieves lower smoothness values while maintaining higher entropy,
indicating a stable yet diverse trust distribution across the network.

Overall, the experiments demonstrate that the proposed optimization frame-
work produces stable trust estimates and mitigates degeneracy effects often
observed in classical propagation models.
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Figure 1: Evaluation of the proposed Hilbert trust framework: (a) convergence
of the optimization energy, (b) distribution of trust scores, (c) relationship
between trust values and node connectivity, and (d) comparison of smoothness
and entropy metrics.

5 Discussion

The Hilbert-space formulation enables the use of operator theory, convex opti-
mization, and spectral analysis for studying trust propagation dynamics. First,
representing trust states as elements of a Hilbert space allows the use of tools
from functional analysis and operator theory to analyze trust dynamics on
networks. This provides a principled mathematical foundation compared with
purely heuristic propagation schemes. Second, the optimization formulation
guarantees the existence and uniqueness of the trust solution under mild con-
ditions on the propagation operator. This property enhances stability and
interpretability, particularly in large-scale networks. Third, the framework
supports efficient gradient-based algorithms for computing trust states in large
graphs.

Finally, the Hilbert-space representation is flexible and can be extended
to richer models of network interactions. Possible extensions include geomet-
ric trust embeddings, tensor-based multilayer representations, and integration
with graph neural networks for data-driven trust learning.
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6 Conclusion

This paper presented a Hilbert space optimization framework for trust propa-
gation in complex networks. By modeling trust interactions as linear operators
on the Hilbert space £2(V), the trust estimation problem was formulated as
a convex optimization task with guaranteed existence and uniqueness of so-
lutions. An iterative gradient-based algorithm was developed to compute the
optimal trust vector efficiently.

Experimental results on simulated scale-free networks demonstrate the sta-
bility and effectiveness of the proposed approach compared with classical prop-
agation methods.

The proposed framework establishes a mathematical foundation for future
research at the intersection of functional analysis, spectral graph theory, and
machine learning for trust modeling in complex networks.
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