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Abstract

Copula functions represent a methodology that describes the depen-
dence structure of a multi-dimension random variable. Combining cop-
ula and the forecast function of the GARCH model, called conditional
copula-GARCH. We use this model to analyses static and time vary-
ing correlations. Apart from, this paper also estimates time-varying co-
excedances and use the quantile regression model to analyses dependence.
And this paper applies this models to analyses the dependence of some
returns of share on Viet Nam Stock Market.

1. Introduction

Study dependence between financial markets is an important topic of financial
analysis, specially in the period of market volatility or large crisis. When large
volatility or crisis from a financial market, the evaluation of its contagion to

Key words: Extreme values, Quantile Regression, Contagion in financial markets, Coex-
ceedance, Fat tail distribution, Tail dependence Coefficient.
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other markets is necessary but not easy. To analyze the change of the depen-
dence between the markets or the assets, we first have to have a method to
measure the dependence of them. Normally, we use the Pearson correlation
coefficient to measure the dependence between the assets in normal market
condition, as well as in period of big changes. However, the Pearson corre-
lation coefficient can not fully describe the contagion of the financial market,
the dependence of the assets, especially their dependence expressed as non-
linear or the dependence of extreme values. We can use the extreme values
theory (EVT) ([5], [6]) to describe and analyze the extreme events. And tail
dependence coefficients are used to measure the dependence of extreme events;
copula method ([5], [6]) is used to describe the dependence structure of random
variables. In addition, when combined with the GARCH model, we obtain the
copula-GARCH models, these models has shown the time variation of assets
and had a combined flexible way of structural dependence of the assets.

Moreover, we also apply regression models to analyze the dependence of
the variables. In linear regression models mainly study the condition average
of the dependent variable, and information about the tail of the distribution is
not considered. As we know, the tail of the distribution used to describe rare
events, if a return of asset variable has kurtosis coefficient greater than 3 then
the market has many big changes, this is a characteristic of the financial data
series.

In this paper, we analyze the variation of the co-movement between the
assets based on the coexceedance function. Combined with the quantile re-
gression model of Koenker and Bassett units ([4]) to analyze the change of the
coexceedance function for the different periods.

In addition to the introduction, the paper is structured as follows: Section
2 outlined the research model consisting of content: Coexceedance function,
quantile regression model and the GARCH-copula model; Section 3 presents
the empirical analysis results; Section 4 provides some conclusions and issues
need further study.

2. Measurement model dependence of the return

of stocks

Firstly, we use coexceedance function by approach of Bae K.H., Dirk Baur and
Niels Schulze ([2]) to compute coexceedances for the return pairs. The paper
use quantile regression model to study change of the coexceedance function on
different periods through which we saw the same behavior increase or decrease
of the stock change how.

Next, we present dynamic GARCH-copula model to study the dependence
of the return pairs. Based on the study of the dynamic of the parameters of the
copula function, we know the dependence of the return pairs in normal market
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condition or in extreme market condition change how.
2.1. Coexceedance values of return pairs
In the study of extreme events, we often choose the value of 5% or 10% of

the distribution tails to evaluate for this event. Here, we use the coexceedance
function to determine the coexceedances of two return series r1t, r2t:

• Coexceedance function

φt(r1, r2) =

⎧⎨
⎩

min(r1t, r2t) : r1t > 0 và r2t > 0
max(r1t, r2t) : r1t < 0 và r2t < 0
0 : otherwise

(1)

with this approach, the coexceedance values are determined with a varying
threshold for every point of time t.

Thus, base on the coexceedance function, we determine the value of si-
multaneously negative return or positive return of the two return series. To
analyze change of the coexceedance function for the other explanatory vari-
ables: exchange rate, interest rate, index of international stock markets, the
lagged coexceedance ... we can approach by the quantitle regression model ([4])
to study.

• Quantile regression model

Suppose Y is a random variable that has the probability distribution function
F(y), then γ-percent quantile (0<γ<1) of Y, denoted Q(γ) , is defined as
follows:Q(γ) = inf {y : F (y) ≥ γ} .

Here, we consider linear quantile regression model with explanatory vari-
ables X2, ..., Xk :

Q(γ/X2i, . . . , Xki) = β1(γ) + β2(γ)X2i + · · ·+ βk(γ)Xki (2)

Based on the sample size n, we find the estimates of the regression coefficients
β̂j(γ) :

β̂(γ) = arg min
β(γ)

{ ∑
i

ργ(Yi − β1(γ) − β2(γ)X2i − · · · − βk(γ)Xki)
}

.

with checked function: ργ(u) = u(γ − 1(u < 0)), 1(u) is index function.
We use quantile regression model to assess any quantiles of the coexceedance

function without assumptions about the distribution of its. Thus, for low quan-
tiles (such that 0.01, 0.05,. . . ) of the coexceedance function will give us infor-
mation about the same level of discounts with large amplitude of two assets
on the market. Similarly, for high quantiles (such that 0.95, 0.99,. . . ) of the
coexceedance function will give us information about the same level of price
increases with large amplitude of two assets on the market.

We will examine the quantiles of the coexceedance function that is different
between the study periods or not? In other words, we study the behavior of the
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same discounts or increase price of stocks that is different between the study
periods or not?

2.2. GARCH-copula model
Copula functions represent a methodology that describes the dependence

structure of a multi-dimension random variable. We base on the marginal
distributions and a copula function to characterize the dependence structure
of the components of a multivariate distribution.

2.2.1. Specification for copula
The following theorem is known as Sklar’s Theorem ([5],[6]). It is the most

important theorem about copula functions because it is used in many practical
applications.
Sklar’s theorem: Let F be an n-dimensional c.d.f. with margins F1, F2 · · ·Fn.
Then there exists a function copula C : [0, 1]n → [0, 1] such that:

F (x1, x2, · · · , xn) = C(F1(x1), F2(x2), ..., Fn(xn)), for all x1, ..., xn ∈ [−∞,∞].

If the margins F1, F2...Fn are continuous, then C is unique.
Conversely, if C is a copula function and F1, ..., Fn are the distribution func-

tions, then function F (x1, . . . , = C(F1(x1), . . . , Fn(xn)) is an n-dimensional
probability distribution function with marginal distribution F1, . . . , Fn.

Depending on the characteristics of data that we have choice of different cop-
ula ([5], [6]): the Gaussian copula, Student-t copula, ... or some of Archimedean
copulas (Clayton, Frank, Plackett, Gumbel, ...), ... to analyze.

2.2.2. Dynamic GARCH-copula model
Copula method approach to study the dependence of the return series,

we can use unconditional copula model and conditional copula model. With
conditional copula model, people often use the model classes: model ARMA
(m, n) describes the average return and model GARCH (p, q) describes the
variance for each return series:

Suppose we consider N assets, denote by rjt, j = 1, . . . , N ; t = 1, . . . , T, is
the return of the asset j at time t.

• Mean equation

rt = μt + ut, μt = φ0 +
m∑

i=1

φirt−i +
n∑

i=1

θinut−i (3)

•Variance equation
ut = σtεt, εt i.i.d,

σ2 = α0 +
p∑

i=1

αiu
2
t−i +

q∑
s=1

βsσ
2
t−s (4)

α0 > 0; α1, . . . , αp ≥ 0;
max(p.q)∑

t=1

(αi + βi) < 1.
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if p > q then βs = 0 with s > q, if p < q, then αi = 0 with i > p.
After estimating the mean equation and the variance equation of each se-

ries, we get the residuals ût from the mean equation and standard deviation
estimates σ̂t of the conditional variance equation; and we have the standard-
ized residual values ε̂t = ût

σ̂t
. Next, we use the copula function to describe the

dependence structure of the standardized residual series.
In this paper, we use some copula functions to describe the dependence

structure of the standardized residual series: Student copula, SJC copula.
Moreover, when studying the GARCH-copula models, we can consider two
cases: Case of the copula parameters are constant, and case of the copula
parameters change, also known as the dynamic copula-GARCH model.

Here, we choose the model to analyze the change of the parameters of the
copula function as follows:

•For T- copula, the correlation evolves through time as in the DCC(1,1)
(Dynamic Conditional Correlation-DCC) model of Engle (2002) ([3]):

Rt = diag(q1/2
11 , . . . , q

1/2
NNt)Qtdiag(q1/2

11 , . . . , q
1/2
NNt), (5)

TQt = (qijt)N×N is the N × N symmetric positive definite matrix defined
as:

Qt = (1 − α − β)Q + αεt−1ε
′
t−1 + βQt−1,

where εit = uit

σit
; α.β are non-negative scalars that α + β < 1, Q is the N ×

N unconditional variance matrix of εt−1. Then we have the model: DCC-T-
copula.

•For SJC-copula, we consider parameters: upper tail dependence coefficient-
τU , lower tail dependence coefficient-τL following this equations: (form of Pat-
ton (2006)) ([1]) as follows:

τt = Λ
(
ω + α1τt−1 + α2.

1
10

10∑
i=1

|u1,t−i − u2,t−i|
)
.

with Λ is the logistic transformation, Λ(x) = (1 + e−x)−1, to ensure that
the parameters of the SJC-copula in (0, 1).

Here, we will apply this models to empirical analysis on Vietnam’s stock
market.
3. Empirical results
3.1. Data

This paper uses the closing price (Pt) of a selected number of shares to
calculate the VN30, VN-Index and HNX index. The sample is selected from
2/1/2007 to 12/28/2012 for analysis. We will select the shares: CII, DRC,
FPT, GMD, RITA, KDC, PVD, REE, STB, VNM, VSH, there are sufficient
number of observations from 2/1/2007 to 28/12 / 2012 of the shares of the
VN30. Then, we have: RCII, RDRC, RFPT, RGMD, RITA, RKDC, RPVD,
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RREE, RSTB, RVNM, RVSH, RHNX, RVNINDEX return series (Ln
(

Pt

Pt−1

)
)

of the closing price of shares and the HNX index, VNINDEX respectively, every
series has 1491 observations.

3.2. Analysis of character of co-movement of the stock and market
indice pairs

This section, the paper study coexceedance function of return pairs that are
different between the study period or not? Thereby see the same behavior in-
creased, reduction of price of the stock pair how in research period. Firstly, we
denote: COERCII, COERFPT, COERGMD, COERKDC, COERPVD, CO-
ERSTB, COERVSH, COERREE, COERDRC, COERVNM, COERITA, CO-
ERHNX that are coexceedance functions of pairs RCII-RVNINDEX, RFPT-
RVNINDEX, RGMD-RVNINDEX, RKDC-RVNINDEX, RPVD-RVNINDEX,
RSTB-RVNINDEX, RVSH-RVNINDEX, RREE - RVNINDEX, RDRC - RVNIN-
DEX, RVNM-RVNINDEX, RITA-RVNINDEX, RHNX-RVNINDEX. We have
graph of the coexceedance functions:

Figure 1. The graph of the coexceedance functions
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Looking at the graph of the coexceedance functions we see their volatility
in the period be different substantially, thereby showing the same behavior
increase or reduction price of the securities be different at different stages of
the study sample.

To select the analysis periods of sample, we have somes comment as follows:
The time period from 1/2007 to 1/2008, this is the period of Vietnam’s stock
market that is quite good. Moreover, looking at the monetary policy of the
goverment, we see that less volatile interest rates, low inflation, VN-index of
Ho Chi Minh City’stock exchanges has the highest level (VNINDEX reached
1170.7 points on 12/3/2007).

The period from 2/2008 to 8/2008, state bank increase base interest rates
(from 8.25% / year to 14.0% / year), whereas the VNINDEX reduces from
1041 points to 548 points. After that period from 9/2008 to 2/2009, with loose
monetary policies of state bank, on the stock market, VN- index fell to its
lowest level and at 234.6 points. From 3/2009 so far, this index has stages
of growth to over 400 points but still difficult, and can not recover. We will
divide our sample into some periods: period from 1/2007 to 1/2008, period
from 1/2/2008 to 27/2/2009, and period from 3/2009 to 12 / 2012.

To assess the trend of coexceedance of return pairs in the period from
1/2/2008 to 27/2/2009 difference how the remaining period of the study sam-
ple, we continue to perform quantile regression analysis of the coexceedance
functions with dummy variable BG (BG receives value 1 if the observation
belongs range from 1/2/2008 to 27/2/2009 and BG receives value 0 if the ob-
servation of the remaining period).

Thus, we have model:

Q(γ/BGi) = β1(γ) + β2(γ)BGi (8)

From the estimated results (Appendix 1), we will have the same information
on coexceedance of the stocks of how changes in the various periods, following
we will explain the estimated result of the number of quantiles of COERITA
coexceedance function:

In quantile γ = 0.01, we have : Q(γ/BGi) = −0.04032− 0.00655 ∗BGi

P−value (0.0000) (0.0001)

so, with a significance level 0.05, coefficient of BG is statistically signifi-
cant, the estimated value of the coefficient of BG is -0.0065<0, that there are
larger negative coexceedances of RVNINDEX and RITA during the period from
1/2/2008 to 27/2/2009 than rest periods. In other words, the same behavior
reduction of price with large amplitude of the ITA and VNINDEX in the period
from 1/2/2008 to 27/2/2009 happen more remaining periods.

In quantile γ = 0.99, we have: Q(γ/BGi) = 0.041632 + 0.004568 ∗ BGi
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P−value (0.0000) (0.046)

so, with a significance level 0.05, coefficient of BG is statistically significant, the
estimated value of the coefficient of BG is 0.004568>0, that there are larger pos-
itive coexceedances of RVNINDEX and RITA during the period from 1/2/2008
to 27/2/2009 than rest periods. In other words, the same behavior increase
of price with large amplitude of the ITA and VNINDEX in the period from
1/2/2008 to 27/2/2009 happen more remaining periods. At the different quan-
tiles of the coexceedance function, it shows the different amplitude levels of the
same increase of price, reduction of price of stock pairs.

From the estimated results (Appendix 1), we have some conclusions:
•In quantiles 0.01, 0.05, 0.1: By LR (quasi-likelihood ratio) test criterion,

the models are fit at significance level 0.05. Moreover, the coefficients of the
dummy variable (BG) are statistically significant and the value is negative,
that there are larger negative coexceedances of every return pair during the
period from 1/2/2008 to 27/2/2009 than rest periods.

•In quantiles: 0.9, 0.95, 0.99:
In quantile 0.9 : By LR (quasi-likelihood ratio) test criterion, the models

are fit at significance level 0.05 (specific cases RGMD-RVNINDEX is fit at
significance level 0.1). Moreover, the coefficients of the dummy variable (BG)
are statistically significant and the value is positive, that there are larger pos-
itive coexceedances of every return pair during the period from 1/2/2008 to
27/2/2009 than rest periods.

In quantile 0.95 : With significance level 0.1, there are larger positive co-
exceedances of some return pairs (RVNM- RVNINDEX, RSTB- RVNINDEX,
RPVD-RVNINDEX, RFPT-RVNINDEX, RCII- RVNINDEX ) during the pe-
riod from 1/2/2008 to 27/2/2009 than rest periods.

In quantile 0.99 : The models are fit at significance level 0.05 (specific two
cases RGMD-RVNINDEX, RHNX- RVNINDEX are fit at significance level
0.1). Moreover, the coefficients of the dummy variable (BG) are statistically
significant and the value is positive, that there are larger positive coexceedances
of every return pair during the period from 1/2/2008 to 27/2/2009 than rest
periods.

Thus, using coexceedance function to describe coexceedance values of return
pairs and combined with the quantile regression model, we can show the same
trend increased, the reduction of the price of the stock pair how at different
stages of the research sample. The above analysis helps us to know how to
change the trend of negative coexceedances and positive coexceedances of every
stock pair. However, we did not assess the degree of dependence of the return
pairs when the extreme market. Here, we’ll approach copula method to research
this content.
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3.3. The estimation results of GARCH-copula model
This section analyzes the empirical with copula-GARCH models, we will

choose return series that has ARCH effect . Firstly, we consider stationary
property of the return series:

a. Testing stationarity
From unit root test result, we have:

Table 1. Testing stationarity

RCII RITA RDRC RFPT RGMD RHNX
Satistic -32.9845 -34.5157 -32.5458 -33.4246 -30.5743 -32.3421
Prob. .0000 .0000 .0000 .0000 .0000 .0000

With significance level 0.05, by Dickey-Fuller test, all return series are sta-
tionary.

b. Selection models for each return series
Based on correlogram of the return series, we select mean equation for the

return series. After fitting mean equation, we have residuals and square of
residuals of the model. Based on correlogram of the square of residuals series,
we see that RHNX, RVNINDEX, RCII, RFPT, RGMD, RKDC, RITA have
ARCH effect.

According to the estimation results for the parameters of the copula-GARCH
models in equation (??), (??) and (??) of the return pairs RHNX-RVNINDEX,
RCII-RVNINDEX, RFPT-RVNINDEX, RGMD - RVNINDEX, RKDC - RVNIN-
DEX, RITA - RVNINDEX, we give some analysis on the change of the degree of
dependency of that return pairs in normal market condition, as well as extreme
market condition:

c. Analysis of estimation results
According to the estimation results shows the conditional correlation coeffi-

cients in the copula-GARCH-DCC-T model of the return pairs that have large
variation and linear dependence between RCII, RFPT, RGMD, RKDC, RITA
with RVNINDEX around 60% and lower than the linear dependence between
RHNX with RVNINDEX.

To see the dependence of the return pairs in extreme market condition
change how, we study the change of the lower tail dependence coefficient and
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the upper tail dependence coefficient of the return pairs. Here, we have some
graphs to describe the variation of the degree of dependence in normal market
condition (using correlation coefficient) and in extreme market condition (using
tail dependence coefficient) for every return pair:

Figure 2. Garph of change in the degree of dependence of the pairs by the
correlation coefficient and the tail dependence coefficient

Looking at the graph of the variation of the lower tail dependence coef-
ficient and the upper tail dependence coefficient of the return pairs, I find
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most of the value of the lower tail dependence coefficient of some pairs: RCII-
RVNINDEX, RFPT-RVNINDEX, RGMD-RVNINDEX, RITA - RVNINDEX,
RKDC - RVNINDEX and RHNX - RVNINDEX that are smaller than values
of the upper tail dependence coefficient the corresponding, in which the most
obvious difference shown in RITA-RVNINDEX pair.

Moreover, looking at the graph, we see that in general the degree of depen-
dence of the pairs in normal market condition is higher than in extreme market
condition.

4. Conclusion
Based on the empirical analysis results on the dependence of some return

pairs, we have the following conclusions:
•Behavior the same reduction of price or the same increase of price with

large amplitude of each pair of securities: CII-VNINDEX, DRC-VNINDEX,
FPT-VNINDEX, GMD-VNINDEX, ITA-VNINDEX, KDC-VNINDEX, PVD-
VNINDEX, REE-VNINDEX, STB-VNINDEX, VNM - VNINDEX, VSH - VNIN-
DEX, HNX - VNINDEX in during the period from 1/2/2008 to 27/2/2009
happens more than the rest periods.

•Degree of dependence of every return pairs: RCII-RVNINDEX, RFPT-
RVNINDEX, RGMD-RVNINDEX, RKDC-RVNINDEX, RPVD-RVNINDEX,
RVSH-RVNINDEX, RDRC-RVNINDEX, RITA - RVNINDEX, RHNX - RVNIN-
DEX in normal market condition is higher than in extreme market condition.

•In addition to research applications to dependence, we can use copula
method and quantile regression model to study the many contents, such that:
asset pricing, risk management.

References
[1] Andrew J. Patton (2006), “Modelling asymmetric exchange rate dependence”, Interna-

tional economic review, Vol.47, No.2, pp. 527-556.

[2] Bae, K.H., Karolyi, G. A., Stulz, R. M. (2003). “A New Approach to Measuring Financial
Conta-gion”, Review of Financial Studies 16, 717-63.

[3] Karl Shutes and Jacek Niklewski (2010), “Multivariate GARCH Models: a comparative
study of the impact of alternative methodologies on correlation” Economics, Finance
and Accounting, Applied Research Working Paper Series.

[4] Koenker, R., Bassett, G. (1978). “Regression Quantiles”,Econometrica 46, 33-50.

[5] McNeil. A. , Frey.R. and Embrechts.P. (2005), Quantitative Risk Management , Prince-
ton University Press.

[6] Nelsen. R.B (2006), An introduction to copulas, Springer.

[7] Rocger Koenker and Kevin F. Hallock (2001), Quantile Regression, Journal of Economic
Perspectives, Volume 15, Number 4, Pages 143–156.



P. V. Chung and H. D. Manh 189



190 An application of copula and quantile regression to...



P. V. Chung and H. D. Manh 191



192 An application of copula and quantile regression to...


